Attitude Determination

- Using GPS
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What is Attitude?

Z Orientation of a coordinate

\' .
system (u,v,w) with
u respect to some reference
system (x,y,z)
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When is Attitude information needed?

« Controlling an Aircraft, Boat or Automobile
* Onboard Satellites

* Pointing of Instruments

* Pointing of Weapons

* Entertainment industri (VR)

* Etc...
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Attitude sensors

Currently used sensors include:

« Gyroscopes

* Rate gyros (+integration)
 Star trackers

* Sun sensors

 Magnetometers
* GPS
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Advantages of GPS

* Adding new functionality to existing equipment
* No cost increase

* No weight increase

* No moving parts (solid-state)

* Measures the absolute attitude

Disadvantages

* Mediocre accuracy (0.1 - 1° RMS error)
* Low bandwidth (5-10 Hz maximum)
* Requires direct view of satellites
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Interferometric Principle

Carrier Wave (from GPS satellite)

Integer \

Component
Master ) _
Antenna k Fractional
‘ ‘ Component, A(P .
N Baseline, b(3x1)
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Antenna

e(3x1)
Unit Vector to GPS Satellite
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Interferometric Principle

Measurement equation:

Ap=Ar—k++v

The full phase difference is the projection of the
baseline vector onto the LOS vector:

Ar=Db-e=|b|cost
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Attitude Matrix

‘ v 9 parameters needed:
>/ ) u-x u'y u-z|
W A=|v-x vy v-z
W-X W'y W:-Z
> Y - B
When (x,y,z) is a reference
X system:
Uy Uy Uy (ul
A= v, v, v,|= vl
Wy Wy W, _WT_
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Properties of “A”

“A” rotates a vector from the reference system
to the body system

alP = Ag alt

The transpose of “A” rotates in the opposite
direction (back again)

ATA =133
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Properties of “A”
Rotation does not change the size of the vectors:
det A =1
Every rotation has a rotation-axis (and a rotation-
angle)
Ae=c¢e

The rotation-angle is the eigenvalue of “A”
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Euler sequences

A sequence of rotations by the angles (¢,0,y) about
the coordinate axes of the reference system

1 0 0 |
Single axis: Ai(p)= 10 cos¢p sing
0 —sing cos¢,

Multiple axes: A123(¢h, 0,%) = A3z(1p) Aa(0) A1(9)
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Quaternions

A quaternion consists of four composants

q=qs+iq1 + jg2 + kqs3

Where i,j and k are hyperimaginary nhumbers

2 = 2 = k?=-1
1y =—J = k
Jk =—kj = 1
ki =—ik =
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Quaternions

A quaternion can be thought of as a 4 dimensional
vector with unit length:

q1

192 14
o= 2] = |2

q4

G+e+atag=1
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Quaternions

Quaternions represent attitude as a rotation-axis
and a rotation-angle

¢
qn. = e18In—
2

. D
g2 = €928In—
2

. D
g3 = €38In—
2

P

gy = COS—
2
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Quaternions

Quaternions can be multiplied using the special
operator ¢’ =q ® q defined as:

Aqq) = A(q')A(g)

— T B ! ! ! I B ]
1 4y 44 —ds qd1
1" / ! / / _
o | | —43 4y qd; 4o q2
I — ! ! !
d3 49 —q1 44 43 q3
I ! / ! !
|44 ] |~ 491 —q3 —d43 d4q4] |44
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Quaternions

The attitude matrix can be formed from the
quaternion as:

G-G-a+ad 2aetan) 20193 — )
Alg) = | 2me-—au) -qgt+a-at+ad 20@est+au)
2(q193 + g291) 209203 — qq1)  —qi — a3+ a3+ di

= (9‘3 — |Cl\2)13><3 +2qq’ —2¢,Q"

Where

[ y —4q3 "IE-‘
Q" = 0

— q3 - —q1
2 o 0
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Least Squares Solution

Including attitude information into the
measurement equation

Ar = b-e
= (") Ae" =
Ap = (bBYTAe® —k+8+v

Linearization of the attitude matrix

A =6AA =(I-2QA
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Least Squares Solution

Forming the phase residual

20/12-2000 (MJ)

(b7)" (Ae) — (b7)" (2Q* Ae") —

U
(bB) (2Q*AefY)
—2(AelYTB*dq

1
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Least Squares Solution

. . _5ql_
z= [dp;j| , H=|-2(Ae/) B | ,x= |0g

_5 q3

Hx = =z
H' Hx = H'z
x = (H'H)'H!z
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Least Squares Solution

Estimate update

d0q = norm

-y

|
=
ey
&
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Extended Kalman Filter

A Kalman filter consists of a model equation

k(f) = £[x(6), 6] + w(t),  w(t)~N(0, Q(t))

and a measurent equation

z(tr) = hix(tg), te] + v(te), k=1,2,... v(tr)~N(0,R(tx))
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Extended Kalman Filter

And their linearized counterparts....

ofix.t
F(x, (tk), tk] = [;{X J
X =Xn (t} )
And
Jhlx.t
Hix,, (tx), tx] = S{X d

X=Xn (tk )
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Extended Kalman Filter

Algorithm
z(t,) x(t), P(t,)
— K = PH'{HPH” +R} '
Estimate x = K{Z _ h}
Update
Estimate of P+ = P — KHP
x(t), P(t
(t. P X(t*), P(t") | k=k+1
v
Time X =t
Propagation P — FP+PF!' ¢+ Q
x(tk+1-)’ P(tk+1-)

20/12-2000 (MJ) Danish GPS Center 24



Extended Kalman Filter

Tuning of the filter

o2 0 ... 0
0 o2 :—
R=| ‘R = 02Luxn
: 0
0 ... 0 op]

Noise variance determined experimentally

or = 0.028X = 0.5¢m
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Extended Kalman Filter

Tuning of the filter

o5 0 ... 07
0 o? E ‘-
Q p— ‘ (3 p— Ué)]:nx-n
: ' 0
0 ... 0 5]

Noise variance determined by ‘trial-and-error’
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Extended Kalman Filter

Determining the system model

N Dynamic
model

w=TI""-wxIw)
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® Kinematic q
model
0 w3 —Wws W]
. 1 | —w: 0 W W
g= - 3 1 2 q
2| wy —w1 0 w3
—w; —w2 —w3z 0]
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Other Filters

Raw phase measurements Non-iBErative Iterative
v r N

Integer resolution

Extended phase measurements T

v
Line bias calibration
|
Corrected phase measurements T T T TET — -
x| c
Ol =
®© — -—
Vector Determination n 5| 5 o
gl o of T| < S
= ® © (O}
, p % o = Dy %! ol &
Vector estimate c| w| §| & Z T Q :CN
+ £ :,' Ol » | T
Tl < ® ol c|l ©
. . . x () — m
Attitude Determination - ko) 2
T A
v
Attitude estimate Yy vy y Yy
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Testbed

Controller box

LON network

LRI

Labtop PC

Motor Encoder
RS232 commands readings

<7/ Antenna arra
T/ y

e GPS receiver = [ =
\\ =Y
\_‘ ,/
— ] _
l’.‘ b

Surveyor platform

Danish GPS Center

29



Software

Start

Load simulated -
attitude

Start User Interface
+ Initialize Testbed

| |
| |
| |
: Proces 1 Proces 2 Proces 3 h :
: Store phases and Store anale-values Send angle :
| LOS vectors from 9 .o commands to LON |
| . g from encoders in file |
| receiver in file nodes ) |
| |
| |
| |

phase.out
los.out

angles.out

GPS
receiver

LONnodes | T
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Motor Control

costp cos ¢ + siny sinfsing  sin cos@ — cosp sing + sin sin @ cos ¢
Aoz = | —siny cos¢ + cossinfsing cosypcosf  siny sing + cos) sinf cos @
cos @ sin ¢ — sin f cos 6 cos ¢

— =

¢J — a:['ctan(Agl/AS:%)
arcsin(Asy)
— a:['ctan(Alg/AQQ)

S
|

Antenna 1 Antenna 2

Master
Antenna

20/12-2000 (MJ) Danish GPS Center 31



Motor Angles

Angle of Antenna Array
200 T T T T T T T T T

150 .

100 .

Angle [degrees]
o

-100 1

-150 1

-200 1 1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500

Time [seconds]
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Local Horizontal System

£ LH
} AGcpr = Ashife - Ag(—el) - Az(az)

0 1 0
Agpise= 10 0 1
1 0 0]
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Results

Based on actual and simulated data, the following
performance parameters were evaluated

* Accuracy
- Computational efficiency
* Ability to converge
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Accuracy

RSS error in degrees

Algorithm 2 coplanar | 3 coplanar
Kalman filter 0.1756 0.1513
Single-point 0.4933 0.3779
ALLEGRO 0.4936 0.3682
Geometric descent (Does not converge)
New Algorithm + SVD 0.5366 0.4043
Bar-Itzhack + SVD 0.5282 (Undefined)
Cohen 0.5320 0.4102
Euler-q 0.5412 0.4084
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Number of Floating Point Operations

Speed

x 10% Speed Analysis with three baselines

6 T T |
— Kalman filter w. bias est.
5H — Kalman filter

— Geometric Descent

Bar ltzhack 2

0 | | |
2 3 4 5 6
x 10°
5 ! ) )
— ALLEGRO
s New Algorithm + Euler-q i
— New Algorithm + SVD
—#— Single-point
3H — Cohen
-©- Bar ltzhack + SVD

2
1 N o & 4
0 1 1 1

2 3 4 5 6

Number of satellites
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Number of Samples

Number of Samples
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Convergence

Kalman Filter

Number of baselines = 3
Convergence = 100%
Average = 5.75

0
12345678 9101112131415
Convergence Time (Samples)

ALLEGRO Algorithm

'Nu'mb'er'of 'baéeli'ne's = 3 '
Convergence = 100%
Average = 4.56

0
12345678 9101112131415

Convergence Time (Samples)

Number of Samples

0
12345678 9101112131415
Convergence Time (Samples)

Number of Samples
w
o
o
o

0
123456738 9101112131415

Single-point Algorithm

Number of baselines = 3
Convergence = 100%
Average = 4.25

Geometric Descent Algorithm

'Nu'mt;er'of 'baéeli'ne's = 3 '
Convergence = 100%
Average = 5.33

Convergence Time (Samples)
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Convergence

Kalman Filter

6000 —m 77—
Number of baselines = 2

5000 Convergence = 96.61%
Average = 7.87

Number of Samples
w
o
o
o

0
12345678 9101112131415
Convergence Time (Samples)

ALLEGRO Algorithm
6000 ——— T T

Number of baselines = 2
5000 Convergence = 69.75%
Average = 4.76

Number of Samples

0
12345678 9101112131415
Convergence Time (Samples)

Number of Samples

Single-point Algorithm
6000 ———— T
Number of baselines = 2

5000 Convergence = 69.34%
Average = 4.64

0
12345678 9101112131415
Convergence Time (Samples)
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Conclusion

« Kalman filter is by far most accurate, but also
computationally very heavy

* Single-point (LSQ) offers good accuracy + high speed

* Vector matching algorithms has the lowest accuracy
but does not suffer from convergence problems

* Performance depend on satellite constellation

* Results were affected by mechanical problems with
levelling of the testbed
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