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Abstract The communication strategies for coded bidirectional (two–way) relay-
ing emerge as a result of successful amalgamation of the recent ideas from network
coding and the broadcast/interfering nature of the wireless communication medium.
In this chapter we consider the basic scenario in which two terminal nodes carry
out a two–way communication, helped by a third, relay node. Insights are provided
into several important ideas that arise in this simple communication scenario. The
communication mechanisms can be divided into two groups, depending whether
the relay node is or is not required to decode the messages from the terminals. For
the class of techniques in which the relaydenoisesrather than decodes the mes-
sages from the terminals, we discuss the role of structured codes in achieving the
highest aggregate rates in the system. The treatment of the topics is generally in
an information–theoretic setting, but we also present the design of communication
mechanisms when finite–length packets and practical modulation constellations are
used.

1 Introduction

The techniques for coded bidirectional or two–way relayinghave received signif-
icant attention in the recent years [1–15]. The mechanisms for two–way relaying
or, more general, multi–way relaying, leverage on two conceptual blocks. Thefirst
conceptual blockis the shared nature of the wireless communication medium. On
one hand, this implies that there is interference when multiple transmissions are oc-
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Fig. 1 (a) Uncoded bidirectional relaying (b) Example of coded bidirectional relaying with three
steps (phases) (c) Example of coded bidirectional relayingwith two steps.

curring simultaneously. On the other hand, thewireless broadcasting is “cheap”in
a sense that a single transmission can be received by multiple nodes. Thesecond
conceptual blockis the idea of network coding. In short, the traditional design of
communication networks observes the data flows as conventional commodity flows.
Therefore, a routing node in the network essentially replicates the data packets from
an incoming link to an outgoing link (or multiple links, in case of multicast). The
network coding recognizes that a data flow is different from aphysical commodity
flow and generalizes the routing such that the data on a given outgoing link is a
function of the data from two or more incoming links.

To see how these building blocks accrue into novel modes of wireless commu-
nication, consider the example on Fig. 1 [1]. The communication scenario is that
the nodeA has packets destined toC and vice versa. However, in this example we
assume that the capacity of the direct channel betweenA andC is zero and the
communication between them must be done by usingB as a relay node. The packet
from the source nodei to the destinationj is denoted byDi j . For this example, all
the packets have identical sizes. The nodeB is neither source nor destination of the
data traffic. The conventional (uncoded) relaying regards the transmission ofDAC

andDCA as two separate problems. Fig. 1(a) shows that the uncoded relaying con-
sumes four steps, each step having a duration of a time slot. On the other hand, the
coded bidirectional relaying Fig. 1(b) considers the two transmissions as a single
problem. In the first two slots the relay gathers the packetsDAC andDCA from the
respective source node. In Step 3B broadcasts the packetDB = DAC⊕DCA, where
⊕ is XOR operation. After receivingDB, the nodeA decodesDCA = DB⊕DAC by
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using its a priori knowledge ofDAC. In analogous way,C decodesDAC. Thus, to
transfer the same amount of data, the coded two–way relayingrequires only three
time slots, which is an improvement of 33 % over the uncoded relaying. This simple
example clearly illustrates the two building blocks, mentioned above: (1) it utilizes
the feature of “cheap wireless broadcast” to save one transmission slot; and (2) the
packets of different incoming communication flows are combined before being sent
over the outgoing link (broadcast) of the relay nodeB.

In the example on Fig. 1(b) the relay node gathers the packetsfrom fromA andC
in a time–division manner. Alternatively,A andC can simultaneously transmit over
the multiple access channel [3], as shown in Fig. 1(c), wherewe use the notation
xi to denote the baseband signal transmitted by the nodei. In Step 2,B transmits
the signalxB, which is created as a function of the signal thatB received in Step
1. This function does not necessarily assume thatB is able to decode the individual
signals. In the simplest case,B needs only to amplify the signal that it has received
in Step 1 and broadcast it back toA andC in Step 2. SinceA (C) a priori knows its
contribution to the interfered signal received atB in Step 1, then it can utilize this
information to reliably extractxC (xA) from the signalxB. Ideally, if bothA andC
decode each other’s signals correctly, the time to transmitthe data is only two steps,
which means throughput improvement over the uncoded relaying of 100 %.

These illustrations of the coded two–way relaying suggest that the underlying
ideas have a great potential to improve the performance of wireless networks. The
chapter does not aim to cover all the aspects of the two–way relaying, which for ex-
ample include multiple–antenna techniques, scenario–specific channel estimation,
scheduling, etc. Instead, the objective is to elaborate on several important ideas and
insights brought by the two–way relaying scenario. We will see that already this
simple three–node scenario gives rise to many novel techniques, such that the cases
with more than three nodes are outside the scope.

The text is organized as follows. After the preliminaries inthe next section, we
first describe the bidirectional relaying techniques that require decoding at the relay.
Section 4 is dedicated to the discussion of the techniques used when the relay does
not decode the messages from the terminals. A class of such techniques is based on
denoising (rather than decoding) and Section 5 outlines thespecial significance that
the structured codes have for such denoising techniques. The next section departs
form the information–theoretic setting to provide insightinto the more practical
aspects of the coded bidirectional relaying, by considering finite–length packets and
practical modulation setting. The last section concludes the chapter.

2 Preliminaries

We assume that there are only two communication flows,A → C andC → A, re-
spectively. The relayB is neither a source nor a sink of any data in the system. All
the nodes are half–duplex, such that a node can either transmit or receive at a given
time. The rate at which nodei ∈ {A,B,C} transmits is denoted byRi . During the
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transmission, the nodei hasni channel uses, such that the message that it sends has
niRi bits. Let us denote byN > ni the total number of channel uses during the whole
round of two–way relaying. If afterN channel uses the messageWAC(WCA) is re-
ceived atC(A) successfully, then the rateRAC achieved fromA toC and the rateRCA

achieved fromC to A are given as:

RAC =
nARA

N
RCA =

nCRC

N
(1)

We will be interested in determining the rate pair(RAC,RCA) and the sum (two–way)
rateRAC+RCA. We will assume that in each roundA andC transmit only fresh data,
independent of any information exchange from the previous rounds1.

The message sent from nodei and destined for nodej is denoted byWi j and
the corresponding binary representation is the vectorwi j . The size (in bits) of the
message is denoted by|wi j |. The codeword transmitted by nodei is denoted by
xi and is a vector of dimensionni , whosem−th element is denoted byxi [m]. The
random variable that stands for a symbol sent (received) by node i is denoted by
Xi(Yi). The received vector at nodej is y j . We mainly consider Gaussian channels,
explicitly stating if the channel is discrete.

For Gaussian channelsXi ,Yj are complex numbers, unless stated otherwise (Sec-
tion 5.2). If only one nodeU ∈ {A,B,C} is transmitting, then the received symbol
at the nodeV ∈ {A,B,C} \U is given by:

YV = hUVXU +ZV (2)

or if we want to emphasize that it is them−th symbol:

yV [m] = hUVxU [m]+zV [m] (3)

wherehUV is the complex channel coefficient betweenU andV. zV [m] is the com-
plex additive white Gaussian noiseCN (0,N0). The transmitted symbols have
E{xU [m]} = 0 and a normalized powerE{|xU [m]|2} = 1. If A andC transmit si-
multaneously, thenB receives:

YB = h1XA+h2XB +ZB (4)

Each node uses the same transmission power, which makes the links symmetric:

hAC = hCA = h0; hAB = hBA = h1; hCB = hBC = h2 (5)

This assumption is certainly restrictive, as one can optimize the two–way trans-
missions by allocating appropriate power to the nodes, while keeping some global
power constraint for all the transmitters; however, that discussion is outside the
scope of this text. The bandwidth is normalized to 1 Hz, such that the time is mea-
sured in number of symbols (channel uses) and the signal–to–noise ratios (SNR) is

1 This is analogous to the what Shannon in [16] refers as a scheme for capacity for therestricted
two–way channel
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given as:

γi =
|hi|2
N0

i = 0,1,2 (6)

and a point–to–point link with SNR ofγ can reliably transfer up to:

C(γ) = log2(1+ γ) [bit/s] (7)

Without loss of generality, we can assume that

γ2 ≥ γ1 (8)

and we also assume that the direct link is worse than both links, i. e.γ0 < γ1. We
will see that there are schemes in which the signal received over the direct link can
be used as a side information to improve the end–to–end rates.

3 Two–way Relaying with Decoding at the Relay

Here we discuss the methods for two–way relaying in which therelay node decodes
the messagesWAC andWCA. We consider three–step scheme calledDecode–and–
Forward (DF) and two–step scheme, termedJoint–Decode–and–Forward (JDF).
Both schemes consist of anuplinkphase and abroadcastphase. In the uplink phase
B gathers data fromA andC, while in the broadcast phaseB transmits toA,C.

3.1 The Uplink Phase

The uplink phase of three–step scheme consists of two steps.In Step 1 the nodeA
transmitsWAC usingnA symbols and in Step 2 the nodeC transmitsWCA usingnC

symbols. The ratesRA andRC should be chosen:

RA ≤C(γ1) RC ≤C(γ2) (9)

whereC(·) is defined in( 7). After the uplink phase,B successfully decodes thenARA

bits sent byA and thenCRC bits sent byC. The message thatB needs to relay toC
andA is denotedWBC andWBA, respectively. In the simplest case, the direct link be-
tweenA andC is considered to have zero capacity, such that after the uplink phase,
A has still not any information about the packet sent byC, and vice versa. Hence,
whenγ0 = 0, B needs to completely relay the messagesWAC andWCA. However, in
generalγ0 > 0, such that the direct link betweenA andC carries non–zero informa-
tion. In this case, at each step of the 3–step scheme there is broadcast transmission,
since one node is transmitting and two are receiving. In Step1, A broadcasts toB
andC at a rateRA, whereR0 ≤ RA ≤ C(γ1). The nodeC receives some partial in-
formation from the broadcast ofA and vice versa, which decreases the amount of
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Fig. 2 Achievable rate re-
gion for the multiple–access
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data that needs to be broadcasted byB. In this case,WBC containsnA[RA−R0] bits,
while WBA hasnC[RC−R0] bits, whereR0 ≤ C(γ0). The relay can use random bin-
ning [17] to create the messages that need to be relayed. Withsuch approach,WBC

is uniquely determined fromWAC andWBA is uniquely determined fromWCA. The
uplink transmission of the three–step scheme is illustrated on Fig. 3(a).

While the uplink phase of the three–step scheme consists of two broadcast trans-
missions, the uplink phase of the JDF scheme consists of two simultaneous trans-
missions over a multiple access (MA) channel. In this case the number of channel
uses byA andC is equalnA = nC, and the ratesRA andRC should be selected within
the capacity region of the MA channel [17] withB as a receiver (see Fig. 2):

RA ≤C(γ1) RC ≤C(γ2)

RA +RC ≤C(γ1 + γ2) (10)

Due to the half–duplex restriction, in Step 1 bothA andC cannot receive information
over the direct link, such that the relayed messages cannot be reduced andWBC =
WAC,WBA =WCA. The uplink transmission of the JDF scheme is shown on Fig. 3(b).

3.2 The Broadcast Phase

A feature of the two schemes described above is that the relaynodeB knows the
messagesWAC,WCA and has a complete freedom in combining them for the broad-
cast phase. We first describe a simple broadcast strategy that combines the data by
using XOR. In relation to the quantity of data thatB should relay toA,C, there are
two different cases:

• |wBA| ≥ |wBC|. The shorter packetwBC is padded with|wBA|− |wBC| zeros and
the padded packet is denoted bywP

BC. ThenB broadcasts the packetwBA⊕wP
BC at

the transmission rateRB ≤C(γ1), limited by the SNR of the weaker link. This is
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Fig. 3 Illustration of the uplink and the broadcast phase for the schemes with decoding at the relay.

required since bothA andC should correctly receive the XOR packet. This case
of the broadcast phase is illustrated on Fig. 3(a).

• |wBA|< |wBC|. In this case we take the first|wBA| bits ofwBC to create the packet

w(1)
BC. The vector of the last|wBC|− |wBA| bits of wBC is denotedw(2)

BC. The relay
node transmits as follows:

– The packetw(1)
BC⊕wBA at rateR(1)

B ≤C(γ1)

– The packetw(2)
BC at rateR(2)

B ≤C(γ2), as onlyC needs to receive it.

This simple broadcast is depicted on Fig. 3(b). Such a case can occur if during
the uplink phase the rate pair(RA,RC) is selected to be e. g. at the pointLA.

Fig. 3 shows only two of the four possible combinations of thedifferent options
for the uplink phases and the broadcast phases. For example,also in the three–
step scheme it can happen that|wBA| < |wBC|, such that the broadcast phase uses
transmissions at two different rates.

3.3 Improved Broadcast Strategies

The simple broadcast strategy does not efficiently use the available degrees of free-
dom. In this section we describe two strategies that can enlarge the achievable rate
region: (1) broadcast strategy based on superposition coding and (2) broadcast strat-
egy with side information.

3.3.1 Broadcast with Superposition Coding

Superposition coding has been introduced as coding strategy that achieves the ca-
pacity region of degraded broadcast channels [17]. The Gaussian broadcast channels
belong are degraded and here we explain the superposition strategy for the Gaussian
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case. We reuse the notations from the scenario above and consider the case in which
B broadcasts toA andC. The codeword transmitted byB is:

xB =
√

1−θxB,1 +
√

θxB,2 (11)

whereθ is the power division coefficient. The codewordxB,1 should be decoded
by bothA andC, while the codewordxB,2 needs to be decoded only byC. When
decodingxB,1, the codewordxB,2 should be treated as noise with powerθ , such that
its rate should satisfy:

RB,1 ≤C

(

(1−θ )|hBA|2
N0 + θ |hBA|2

)

= C

(

(1−θ )γ1

1+ θγ1

)

(12)

C uses successive interference cancelation: after decodingxB,1, its contribution from
the received signal is removed andxB,2 is decoded, such that its rate should satisfy:

RB,2 ≤C(θγ2) (13)

If B broadcasts duringnB channel uses, thenA receivesnBRB,1 bits, while C
receivesnBRB,1 + nBRB,2 bits. This implies that this strategy is effective when the
relay nodeB has more data destined forC thanA, i. e. |wBC| ≥ |wBA|. Recall the
corresponding case from the simple broadcast strategy, in which we have split the
broadcast data ofB into two messages:

• The packetw(1)
BC⊕wBA is common for bothA andC and is sent using the code-

wordxB,1, at a rateRB,1.

• The packetw(2)
BC is sent using the codewordxB,2, at a rateRB,2.

Once the parameters of the uplink phase are fixed, one can posethe question: which
θ will result in most efficient broadcast? We can answer that bysetting equalities
in (12-13) and solving the the balance equations for the datain the uplink and the
broadcasts phase. For the three–step DF scheme the balance equations are given as:

nA(RA−R0) = nB(RB,1 +RB,2) (14)

nC(RC−R0) = nBRB,1 (15)

The first and second balance equation is forwBC andwBA, respectively. The only
unknowns arenB andθ , which can be found by solving the system of equations. For
the JDF scheme the same equations are applied by settingnA = nC andR0 = 0.

3.3.2 Broadcast Strategy Optimized for Two–Way Relaying

In the previous broadcast strategies, the relay node “digitally” combines the data
destined for the two different users by using the XOR operation. ThereforeB can
use codebooks and strategies that are used in the conventional broadcast scenario,
whereB is the source of information. On the other hand,B is not the sourceof
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information and each of the nodesA,C knows part of the data thatB broadcasts,
since it has itself sent the data in the uplink phase. This motivates to consider a
different broadcast strategy, in which the codebooks atB are designed in order to
account for the side information present at the nodesA,C, as introduced in [12].

Intuitive description

Let us consider a very simplified scenario in whichB has two bitswBA =
[c1 c2 ] to be transmitted toA and four bitswBC = [a1 a2 a3 a4 ] to be trans-
mitted toC. Furthermore, assume thatA knowswBC andC knowswBA and
this knowledge is used as a side information in the decoding process. We also
make the following simplifying assumptions. The linkB−C has SNRγ2 that
is sufficient forC to reliably decode 16–QAM symbols sent byB. The link
B−A has a lower SNR and can reliably decode only QPSK symbols, butnot
constellations of a higher level. The termreliableas used here is not precise
and does not reflect the probabilistic nature of the errors, but serves well for
illustrating purposes. We pose the following question:

Can B use a single 16–QAM symbol to send bothwBA andwBC?

The trick is to observe that the 16–QAM constellation consists of four
shifted QPSK cosets or subconstellations, see Fig. 4.A cannot reliably de-
code a 16–QAM symbol, but if it has a side information to whichQPSK coset
does the symbol belong, it can reliably decode it. Note that a“coset QPSK”
has approximately 1.0dB loss compared to the pure QPSK signal, but for the
discussion here we assume that both can be received atA equally reliably. The
mentioned decoding of cosets atA can be implemented as follows. The node
B creates the following two–bit messages:

Fig. 4 Representation of
16–QAM with four QPSK
subconstellations.

X X

X X

QPSK coset 1

QPSK coset 2X
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• The messagewB,1 = [a1 a2 ]⊕ [c1 c2 ] and needs to be decoded both byA
andC.

• The messagewB,2 = [a3 a4 ] needs to be decoded byC only.

To see how the transmitted 16–QAM symbol is selected for given wB,1,wB,2,
we refer to Fig. 4. The nodeB useswB,2 to determine which QPSK coset is
being sent, while it useswB,1 to determine the symbol within the coset. Now,
sinceA knowswB,2 and thereby the coset a priori, it decodes the received
signal by defining decision regions only for the coset of interest and ignoring
the other 12 constellation points. After decodingwB,1, it retrieves the bits
[c1 c2] by using XOR. On the other hand,C decodes the transmission ofB
by using the full 16–QAM constellation, retrieves the 2–bitpacketswB,1 and
wB,2 and uses XOR to extract the bits[a1 a2] from wB,1.

One may argue that we have again used digital combining with XOR. Nev-
ertheless, here the decoding atA uses the side information in the “analog” part
of the decoding, which is not the case with the usual XOR packet combining.

The result from [12] shows that a related broadcast strategycan be devised in
information–theoretic sense by creating appropriate codebooks and decoding rules.
Thus, the message fromB can carry data toA(C) at a rateRBA(RBC) where:

RBA ≤C(γ1) RBC ≤C(γ2) (16)

With given datawBA andwBC, this broadcast strategy is carried out as follows.
Let us assume thatB uses the maximal possible rates by putting the equality in (16).
We first consider the case when

|wBA|
C(γ1)

≥ |wBC|
C(γ2)

(17)

B divideswBA into two messagesw(1)
BA,w(2)

BA such that:

• With nB,1 channel uses and using the broadcast codebooks with side information

it sendsw(1)
BA to A andwBC to C, such that the following should be satisfied:

|w(1)
BA|

C(γ1)
=

|wBC|
C(γ2)

(18)

form which the size ofw(1)
BA can be determined.

• With nB,2 channel uses ordinary single–user codebook with rateC(γ1) to transmit

w(2)
BA to A.

From the above conditions the duration of the broadcast phase is found to be:

nB = nB,1+nB,2 =
|wBA|
C(γ1)

(19)
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For the other case, when (17) is not satisfied, with a similar analysis it can be
found that the duration of the broadcast phase is:

nB =
|wBC|
C(γ2)

(20)

3.4 Numerical Illustration

Figures 5 and 6 compare the regions of achievable rate pairs(RAC,RCA) for dif-
ferent uplink/broadcast strategies of the schemes with decoding at the relay. Fig. 5
compares the three–step DF scheme with the two–step JDF scheme when the simple
broadcast strategy is used. The SNRs of the links are chosen such as to illustrate that
none of the two achievable regions is completely contained in the other. As shown
in [7], the maximal two–way sum rate is achieved when|wBA| = |wBC|. The two
strategies can be combined by time–sharing [17] in order to achieve rate pairs that
are not achievable by any single strategy DF or JDF. The grey line shows the convex
region of achievable rates when time–sharing is used. For example, the rate pair at
point M can be achieved by using the JDF strategy with rates at the point J for a
fractionδ of time, while for the remaining fraction(1− δ ) of time using one–way
transmission fromA to C with B as helper (the rates at the pointD).

Fig. 6 compares the achievable rate region for the three–step DF scheme for
the three different broadcast strategies. Note that the plot starts at a valueRAC =
1.5 in order to emphasize the differences between the strategies. As expected, the
largest region is achieved by the broadcast strategy with side information. Similar
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Fig. 5 Achievable rate regions with the three–step DF scheme and the two–step JDF scheme when
the simple broadcast strategy is used. The parameters areγ0 = 0 dB,γ1 = 15 dB,γ2 = 20 dB.
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Fig. 6 Achievable rate regions with the three–step DF scheme when different broadcast strategies
are used. The parameters areγ0 = 0 dB,γ1 = 15 dB,γ2 = 20 dB.

results are obtained when JDF strategy is considered. In general, the benefits of
the improved broadcast strategy are observable when the amount of data|wBC| that
needs to be send over the stronger link, is larger than|wBA|.

4 Two–way Relaying without Decoding at the Relay

The relay nodeB is not the intended destination of the data from the source and
hence it is not necessary that it decodes the data. By leveraging on that observation,
we can markedly increase the space of available communication strategies. In this
section we discuss several techniques that do not require decoding at the relay. Note
that the strategies without decoding at the relay are not novelty brought by the two–
way relaying, and they have already been applied to one–way relaying, see e. g. [18].
Nevertheless, the two–way relaying scenario has distinctive features that give rise to
some completely novel strategies, such as Denoise–and Forward (DNF), described
further in the text.

We describe three strategies that have two–steps, as in the JDF scheme: an uplink
step over multiple–access channel, such thatnA = nC , and a step ofnB channel
uses for broadcast. AsB does not obtain the messagesWAC,WCA, it cannot combine
them digitally by using the XOR operation. Instead, the signals fromA andC are
inherently combined through the multiple access channel, such that the network–
coding isanalogand done at the physical layer [4] [7] [11].
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4.1 Amplify–and–Forward (AF)

The simplest strategy is Amplify–and–Forward (AF) [3, 6], in which the relayB
amplifies and broadcasts the symbols of the received noisy signalyB from the uplink
phase, such that the vector transmitted in the broadcast phase is:

xB = βyB = β (h1xA +h2xC +zB) (21)

The amplification factorβ is chosen as:

β =

√

1
|h1|2 + |h2|2 +N0

(22)

to make the average per–symbol transmitted energy atB equal to 1. For the AF
schemenB = nA = nC. Them−th symbol received byA is the amplified and addi-
tionally noised version of them−th symbol received byB in step 1:

yA[m] = βh1yB[m]+zA[m] =

= βh2
1xA[m]+ βh1h2xC[m]+ βh1zB[m]+zA[m]

Assuming thatA knowsxA[m],h1,h2 andβ , then it can remove the contribution of
βh2

1xA[m] from yA[m] and obtain:

rA[m] = βh1h2xC[m]+ βh1zB[m]+zA[m] (23)

which is a Gaussian channel for receivingxC[m] with SNR:

γ(AF)
C→A =

β 2|h1|2|h2|2
(β 2|h1|2 +1)N0

=
γ1γ2

2γ1 + γ2 +1
(24)

This notation denotes thatγ(AF)
C→A is the SNR that determines the transmission rate

RC, such thatxC can be successfully decoded byA. Similarly, we can find the SNR
which determines the rateRA:

γ(AF)
A→C =

γ1γ2

γ1 +2γ2+1
(25)

The rate pair(RA,RC) used in Step 1 should satisfy:

RA ≤C
(

γ(AF)
A→C

)

RC ≤C
(

γ(AF)
C→A

)

(26)

and the achievable rate region is determined as:

RAC ≤ 1
2

C
(

γ(AF)
A→C

)

RC ≤ 1
2

C
(

γ(AF)
C→A

)

(27)

since the end–to–end rates are calculated over 2nB channel uses.
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4.2 Denoise–and–Forward (DNF)

Even if the relay does not decode the messages fromA andC, it can still process
the received signalyB beyond mere amplification, while still not decoding the mes-
sagesWAC,WCA. In general, we term those strategies Denoise–and–Forward(DNF)
in order to emphasize that the noise is mitigated, but the signal is not decoded.

Motivating example for Denoise–and–Forward (DNF).

Assume that the multiple access channel atB is specified withhAB = hCB = 1:

YB = XA +XC +ZB (28)

Let A,C use BPSK modulationXA,XC ∈ {−1,1}. Assume at first that there is
no noiseZB = 0. Then the possible signals thatB can observe are{−2,0,2}.
If the received symbol is either 2 or−2 thenB can infer that the signals sent
by A andC are (XA,XC) = (1,1) and (XA,XC) = (−1,−1), respectively. If
B receives 0, then it has ambiguity whether the signals sent are (XA,XC) =
(1,−1) or (XA,XC) = (−1,1). However e. g. ifA sends 1 and learns thatB
has observed 0, thenA can infer thatXC = −1. How much information does
B need to send so thatA andC can retrieve each other’s symbols? One bit of
information fromB is sufficient: IfB also uses BPSK modulation, then it can
broadcastXB = −1 when it observesYB = −2 orYB = 2 and it can broadcast
XB = 1 whenYB = 0. One can easily check that, with the knowledge ofXA and
XB, A can inferXC and, vice versa, knowingXC andXB, C can inferXA.

If the channel atB is noisy, thenB needs to set appropriate decision regions
for the symbols, see Fig. 7. The output of the decision process is a symbol
from the set{−2,0,2} and in the next stepB appliesdenoise mappingin
order to compress the ternary symbol from the decision process to a binary
symbol{−1,1} that needs to be sent in the broadcast phase.

Fig. 7 Example of the deci-
sion regions and the denoise
mapping whenA,C use BPSK
signaling andhAB = hCB = 1.
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C
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The example above outlines the main operations that need to be done byB to im-
plement a DNF scheme: (1) decision process that quantizes the received signal and
(2) mapping of the quantized signal to a message that is sent in the broadcast phase.
In the example we have usedper–symbol denoising, where the quantization and
the mapping are done for each individual symbol. Such an approach is interesting
when we consider non–information–theoretic analysis by considering finite–length
packets and constellations, see Section 6.

For information–theoretic analysis, we need to considerper–codeword denois-
ing. In that case, the decision/mapping atB is based on the received vectoryB dur-
ing thenA = nC channel uses of the multiple–access phase. The denoise mapping
at B produces the messageWB and should be designed in such a way that by know-
ing WAC andWB, the nodeA can uniquely determineWCA (analogous forC). More
generally, the noisy versions of the broadcasted signalxB areyA,yC, each being a
vector of dimensionnB. After the broadcast phase, the nodeA should be able to
decodeWCA from the observationyA and usingWAC as a side information.

It is interesting to find the rate pair(RAC,RCA) that is on the outer bound of the
achievable rate region. Assume that in the uplink phase, thetransmission rates are
RA = C(γ1) andRC = C(γ2). The relayB cannot decodeWAC,WCA because the point
(RA,RC) = (C(γ1),C(γ2)) is outside the capacity region of the multiple access chan-
nel withB - this is shown by simply observing thatC(γ1+γ2) <C(γ1)+C(γ2). Now
assume that in the broadcast phaseB usesnB = nA = nC to transmityB noiselessly,
such thatA,C can observe the exact output vectoryB. Clearly, no DNF scheme can
do better than this, since fromyA andyC can be represented as noisy copies ofyB.
If xA is sent at rateRA, then to be decodable atC it has to satisfy

RA ≤ I(xA;yA|WCA)
(a)
≤ I(xA;yB|WCA) = nAC(γ1) (29)

where (a) follows from the data processing inequality [17].However,C decodes the
signal fromA after 2nA channel uses, such that the end–to–end rate fromA to C is
1
2RA = 1

2C(γ1). Making analogous observations forC, we can write that a point in
the outer bound to the achievable region and the two–way sum rate is given by:

(RAC,RCA) =

(

1
2

C(γ1),
1
2

C(γ2)

)

(30)

The achievability of the outer bound with structured codes is discussed in Section 5.

4.3 Compress–and–Forward (CF)

An interesting variant of the DNF schemes is using the quantization/compression
framework to determine the operations carried out at the relay nodeB and is termed
Compress–and–Forward (CF) [15]. Fig. 8 shows the data dependencies in the CF
scheme.
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Fig. 8 Conceptual description of the Compress–and–Forward (CF) scheme.

After observingyB, B can obtain its quantized versionŷB as well as the message
WB, consisting ofnBRB bits, which is uniquely associated withŷB. We consider the
decoding atC. The relay broadcastsxB(WB) andC receivesyC. From the knowledge
of xC sent in the MA phase,C can create the setW MA defined as:

W
MA = {WB|(xC, ŷB(WB))isjointlytypical} (31)

For formal definition of joint typicality, see [17]. Informally, we can say that from
the knowledge ofxC, the nodeC can create the set of candidate messagesWB that
correspond to set of quantized vectors{ŷB}, such that the observed signalyB is
likely to be “close” to one of the vectors in that set{ŷB}.

Next, after observingyC, C creates the setW BC defined as:

W
BC = {WB|(xB(WB),yC) is jointly typical} (32)

which is the set of candidate messages that are likely to be sent byB in the broadcast
phase. In a more conventional approach, one would select thetransmission rateRB

so thatWB is decodable atC only from the observationyB. In that caseW BC should
contain unique messageWB. The trick used here isWB does not need to be decod-
able only fromyC. Instead,WB can be found as the unique message that lies in the
intersectionW MA∩W BC. Having foundWB, C can find the unique messageWAC.

An important element of the CF scheme is the quantization performed atB. For
Gaussian channels, the parameters quantization in [15] is determined by using Gaus-
sian test channel and the achievable rate regions are obtained by numerical optimiza-
tion of the parameters of the test channel.

4.4 Numerical Illustration and Variations

In this section we illustrate the achievable rate regions for the schemes that do not
require decoding at the relay. Fig. 9 compares the achievable rate region for the
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AF scheme with the achievable rate region of the two–step JDFscheme (where the
relay decodes). The point from the outer bound is also plotted as a reference. It is
interesting to see that, for the chosen values ofγ1 andγ2, the achievable region for
AF contains points that are not achievable by decoding at therelay. From the results
in [15] it can be seen that the CF scheme can bring a larger region as compared to
AF, but not for all configurations ofγ1,γ2.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

γ
1
=20 dB, γ

2
=25 dB

R
AC

R
C

A

 

 
AF
JDF

outer bound

C(γ
1
)/2

C(γ
2
)/2

Fig. 9 Comparison of the achievable rate regions for the two–step schemes Amplify–and–Forward
(AF) and Joint Decode–And–Forward (JDF). The point from theouter bound is also plotted. The
parameters areγ1 = 20 dB andγ2 = 25 dB.

In discussing the schemes without decoding at the relay, we have focused on
the two–step schemes in which the uplink phase consists of transmissions over the
multiple–access channel. The three–step schemes, which leverage on the direct link
betweenA andC, can also utilize relaying which does not require decoding at the
relay. For example, consider the possible way to use AF in thethree–step scheme.
We can constrainnA = nC = nB. B sums thenA received symbols from the first step
with thenC symbols from the second step and amplifies the sum by respecting the
transmit power constraint. ThenC decodes by (A) combining thenA symbols from
step 1 with thenB symbols from step 3 and (b) using its knowledge of the signal
it has sent in step 2. Another generalization of the schemes described here is the
Mixed Forward [15], where the relay decodes the data in one direction (e. g. fromA
to C), while uses compression in the other direction (C to A).

5 Achieving the Two–Way Rates with Structured Codes

Using the arguments of random coding, it has been seen that itis hard, if possible
at all, to achieve the maximal two–way sum rates i .e. the outer bound point from
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Fig. 9. In this section we discuss the usage of structured codes in the DNF schemes,
by whichB can do reliable decisions about the combination of the codewords sent
by A andC without actually decoding the messagesWAC,WCA. We first discuss the
case of discrete channel, where the structured codes are parity–check codes. For the
Gaussian case, the structured codes are based on lattices.

5.1 Parity–Check Codes for Binary Symmetric Channels

In this section the input/output variablesXi ,Yj , as well as the corresponding vectors
xi ,y j are binary. The output of the multiple access channel at the relay nodeB is
defined as:

YB = XA⊕XC⊕ZB (33)

In the broadcast phase, the outputs atA andC are given as:

YA = XB⊕ZA (34)

YC = XB⊕ZC (35)

The noise variableszi , i ∈ {A,B,C} have Bernoulli distribution, with error probabil-
ity P(Zi = 1) = p. If B knowsXC a priori, then the capacity of the channel fromA
to B is:

CAB|C = 1−H(p) = CCB|A (36)

where, analogously,CCB|A is the capacity fromC to B, if B knowsXA a priori. Let
the source nodes select the transmission rates as:

RA = RC = 1−H(p) (37)

We now use the coding theorem for the binary symmetric channel (BSC) for
parity–check codes, see [19], Sec. 6.2. This theorem statesthat the channel capacity
of the binary symmetric channel can be approached arbitrarily closely by using the
so–called coset codes. A(n,k) coset code is defined as a code with 2k codewords of
block lengthn > k and each message hask bits. Each message is represented by a
1×k vectorw and the corresponding codewordx ∈ {0,1}[1×n] is obtained as:

x = wG⊕c (38)

whereG is a k× n binary matrix andc is 1× n binary vector. The theorem states
that a code that is constructed with random selection of the bit entries inG andc
can achieve the capacity of BSC.

Let us assume that, for a given codeword lengthn, the rates are selected

RA = RC =
k
n

< 1−H(p) (39)
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and G and c are chosen according to the discussion above and are known toall
the nodes. When the messageswA and wC are transmitted,A andC select their
codewords, respectively, as follows:

xA = wAG⊕c xC = wCG (40)

The received vector atB is:

yB = xA⊕xC⊕zB = (wA⊕wC)G⊕c (41)

Conceptually,B can treat the received vector as an output of a BSC, over whicha
virtual transmitter sends the messagew′ = wA⊕wC by using the same coset code as
used byA. ThenB tries to reliably decode the messagew′, rather than the individual
messageswA andwC. m′ is a message ofk bits that, by assumption, can be reliably
decoded over the BSC. In the broadcast phase,B sends the codewordx′ = w′G⊕c,
which can be reliably decoded by bothA andC.

We can conclude that when the two–way relaying system features binary sym-
metric channels, the rate pair(RAC,RCA) = (1−H(p),1−H(p)) of the outer bound
point is achievable.

5.2 Gaussian Channel

At the moment we do not have a rigorous proof that the outer bound point is achiev-
able in Gaussian channels and the discussion in this sectionshould be taken as a pos-
sible way forward toward proving such achievability. Note that several works [10]
have considered the usage of lattice codes for two–way relaying in Gaussian chan-
nels, but there is no known technique that certainly achieves the outer bound point.

In order to simplify the discussion, in this section we assume that the wireless
channels arereal Gaussian channels, such that the received signals are:

YB = XA +XC +ZB (42)

YA = XB +ZA (43)

YC = XB +ZC (44)

where for the transmitteri the average power isE[X2
i ] ≤ 1 and the noise power is

E[Z2
i ] = σ2. We slightly abuse the notation used so far by defining:

C(γ1) =
1
2

log2(1+ γ1) (45)

to correspond to the capacity of a real Gaussian channel withSNR γ1. We assume
that the transmission rates ofA andC are chosen:

RA = R(C) = C(γ1) = C

(

1
σ2

)

(46)
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A lattice Λ is discrete subgroup of the Euclidean spaceR
n with the ordinary

vector addition operation. Ifλ1,λ2 ∈ Λ , then(λ1−λ2) ∈ Λ and(λ1 +λ2) ∈ Λ . The
lattices introduce algebraic structure for the codewords in the continuous channel.
For detailed discussion on the lattices and their usage in achieving the capacity of
Gaussian channel, the reader is directed to [20] and the references therein.

For our discussion, we usen = nA = nB, such that the transmitted codewords
belong toR

n. We use Construction A to generate the lattice, as describedin [20].
These are the steps to generate the lattices forA andC:

1. Pick a prime numberp, such that the rateR and the number of channel usesn
satisfy:

p = 2nR (47)

2. Draw a generating vectorg = (g1,g2, . . .gn), wheregi is an integer uniformly
picked from the set{0,1,2, . . . , p−1}.

3. Define the discrete codebook

C = {c∈ Z
n
p : c = (g ·q)modp q= 0,1, . . . , p−1} (48)

4. The nodeA selects a random vectoruA = {uA1,uA2, . . .uAn}, where eachuAi is
independently generated as a real number uniformly distributed in [0, p). The
codewords transmitted byA are obtained as follows: For eachc∈ C , the corre-
sponding codewordxA(c) is obtained as:

xA(c) = β (p−1[c+uA]p−0.5) (49)

where the notation[v]p denotes the per–component modulo−p operation:

[v]p =

{

v if v < p
v− p otherwise

(50)

and the coefficientβ is a normalization coefficient that ensures that the average
power of the transmitted codewords isP. Using the crypto–lemma [21]( or see
Lemma 1 in [20]), one can show that thei−th component of each vector is a
uniformly distributed real number in the interval[− β

2 , β
2 ). Hence, in this caseβ

should be chosen to beβ
2

12 = P in order to match the power constraint.
5. The nodeC uses identical procedure asA, except that it generates an independent

vectoruC.

Let us consider the properties of the sum of such generated codewords. Each
pair of codewords(xA,xC) can be uniquely associated with the pair(qA,qC) where
qA,qC ∈ {0,1, . . . , p− 1} are the integers used in generating the correspondent
(cA,cC) in (48), such that we can use the notation(xA(qA),xC(qC)) or simply
(qA,qC) to denote a pair of codewords. The sum of the codeword pair(qA,qC) is:

si(qA,qC) = β (p−1[[giqA]p +uAi]p−0.5+ p−1[[giqC]p +uCi]p−0.5)

(a)
= β p−1(([giqA +uAi]p +[giqC +uCi]p)− p) (51)
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where(a) follows from the distributive property of the modulo operation. The im-
portant component ofsi(qA,qC) is:

τi(qA,qC) = [giqA +uAi]p +[giqC +uCi]p (52)

which can be represented as follows:

τi(qA,qC) = [gi [qA +qC]p +uAi +uCi]p + δi p (53)

= ti + δi p (54)

where

δi =

{

0 if τi(qA,qC) < p
1 otherwise

(55)

On the other hand, using the crypto–lemma, one can infer thatti is a real number
that is uniformly distributed in[0, p). Hence, thei−th component of sum of the pair
of codewords(qA,qC) can be represented by:

si(qA,qC) = β p−1(ti + δi p− p) = β (p−1ti + δi −1) = β (p−1ti −0.5+ δi −0.5)
(56)

wherep−1ti −0.5 is a random variable that is uniformly distributed in[−0.5,0.5)
andδi −0.5 is a binary random variable that can have a value of either−0.5 or 0.5.
The distribution ofδi is dependent onti and can be determined by observing that the
distribution ofp−1ti +δi −1 is equal to the distribution obtained from a sum of two
random numbers uniformly distributed in[−0.5,0.5], which implies:

P(δi = −1|ti) =
ti
p

P(δi = 1|ti) = 1− ti
p

(57)

In the sequel we will need the following definition:

Definition 1. The codeword pair(xA(qA),xC(qC)) belongs to the classm if:

[qA +qC]p = (qA +qC)modp = m (58)

There arep different classes, each containingp codeword pairs. If two codeword
pairs(qA1,qC1) and(qA2,qC2) belong to the same class, then one can easily show
that for each componenti:

ti(qA1,qC1) = ti(qA2,qC2) (59)

such thatsi(qA1,qC1) and si(qA2,qC2) are either equal or their difference is exactly
β
2 .

The relayB receives:
yB = s(qA,qC)+zB (60)

If from yB B can determine to which of thep = 2nR classes of codewords does
(qA,qC) belong, then in the broadcast phaseB can use “conventional” random code-
books to send thenRbits that describe the class of the pair of observed codewords.
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If A knows the class, then it can uniquely determineqC and therebyWAC. The same
is valid forC and in such case we would have achieved the point of the outer bound.

Having introduced this framework, we can think that the communication from
A,C to B is done between a virtual transmitterV andB. The virtual transmitter gen-
eratesp codewords{xV} where thei−th component of each codeword is uniformly

and independently distributed in
(

− β
2 , β

2

)

. Before transmitting the signal toB, V

generatesbinary self–noiseat each component of{xV}: for the i−th component,
V looks atxVi and uses the appropriate distribution forδi , see (56), to determine
whether to add or subtractβ

2 .
In the absence of the binary self–noise, the codewords of{xV} can be reliably

decoded atB, which follows from the manner in which the codebook is generated
and the noisy channel coding theorem for Gaussian channels.We conjecture that
there are codebooks{xV} such thatB can reliably decodexV even in the presence
of the binary self-noise, but the rigorous proof for this claim is not available at this
time and is a subject of ongoing work.

6 Signalling Constellations for Finite Packet Lengths

The discussion hitherto has been mostly focused on information–theoretic aspects
of the bidirectional relaying, which assumed arbitrarily long codewords/packets and
error probability that is asymptotically zero. In this section, we focus on the practi-
cal aspects of the two–way relaying by considering finite–length packets and finite
constellations. We restrict ourselves to the most interesting case, namely the two–
step DNF schemes that do not require decoding at the relay. The schemes use with
per–symbol denoising, rather than per–codeword one, and weaddress the follow-
ing questions: How should the relaying nodeB generate a denoised signal for the
broadcast phase by observing the received signal at the uplink phase? How many
constellation points are required to reliably forward two distinct messages to the
destination nodesA andC? Considering the case in which both terminals use QPSK
constellations in the uplink phase, we present one example of signalling strategies
for reliable bidirectional relaying. The ensuing discussions tell us two interesting
results: (1) we should use multiple network coding rules adaptively optimized ac-
cording to the channel state information at the relayB and (2) some specific channel
conditions necessitate the use of unconventional 5–ary signal constellations, rather
than the QPSK.

6.1 XOR Denoising

WhenA,C are using QPSK modulation, the combined signalh1XA+h2XC can have
up to 16 possible values, depending on the channel coefficients h1,h2. As it has
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been noted in Section 4.2, the relay needs to compress the observed signalYB before
forwarding it in the broadcast phase. LettingM (·) be the QPSK signal mapper,
the 2–bit digital data of the ML estimatêXi can be written aŝwi = M−1(X̂i) ∈
{0,1,2,3}. In the DNF scheme that uses XOR–based network coding, the relay B
creates the QPSK signal for the broadcast phase in the following way. It maps the
received signal within the ML region for(ŵA,ŵC) into the QPSK constellation as
XB = M (wB) wherewB = D(ŵA,ŵC) = ŵA ⊕ ŵC. The mapperD(·) denotes the
digital denoising function. Since a terminal node knows itsown information, it can
detect the desired data from the denoising signal. The XOR denoising works very
well for some channel conditions, e. g.,φ ≃ 0 where we define

h2/h1 = ρ exp(jφ) (61)

Fig. 10(a) shows an example of the received signal constellation YB at the uplink
phase forρ ≃ 1 andφ ≃ 0. The four signal points at the center may be unreliable in
the ML estimation because the distance between the points are short. This produces
unreliable relaying when we adopt the JDF scheme at the relay. Meanwhile, as the
DNF scheme maps such closest neighboring points into the same denoising signal,
it offers a significant improvement in achievable throughput performance.
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Fig. 10 Examples of received signal constellations at the relayB and XOR denoising.

6.2 Adaptive Denoising with Quintary Cardinality

The denoising functionD(·) should be adaptively changed as a function of the chan-
nel state informationh1 andh2 because the ML region highly depends on the chan-
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nel condition. The XOR denoising functionD(ŵA,ŵC) = ŵA ⊕ ŵC does not work
well for some specific channel conditions as illustrated in Fig. 10(b). This figure
shows an example of the received signalyB for ρ ≃ 1/

√
2 andφ = π/4. As this fig-

ure shows, all the closest neighbor points are mapped into different denoising points.
In particular, the distance between the ML points(ŵA,ŵC) = (0,1) and(1,2) is very
short, which leads to an unreliable relaying performance.

It is very interesting to observe that for this case there does not exist a denois-
ing function with 4–ary cardinality which can map all the closest neighbors into the
same denoising point. The minimum achievable cardinality of the denoising func-
tion to avoid the distance shortening is 5, which implies that we need to use 5–ary
modulation in the broadcast phase. For these channel conditions, the coding rule is
given as:

D(ŵA,ŵC) =























0 for (ŴA,ŴC) ∈ {(0,0),(1,1),(2,2),(3,3)}
1 for (ŴA,ŴC) ∈ {(0,3),(2,0),(3,1)}
2 for (ŴA,ŴC) ∈ {(0,1),(1,2),(2,3)}
3 for (ŴA,ŴC) ∈ {(3,2),(2,1),(1,0)}
4 for (ŴA,ŴC) ∈ {(1,3),(3,0),(0,2)}

(62)

The above denoising function performs well forh2/h1 ≃ (1+ j)/2 or(1− j). For the
other channel conditions, we require three more 5–ary denoising functions and one
more 4–ary denoising function to avoid all the possible distance shortening; in total
there are six coding rules. For the 5–ary denoising, we should use some kind of 5–
QAM signalling for broadcasting. Although it exhibits a slight loss in the Euclidean
distances as compared to the QPSK modulation, the adaptive use of six denoising
functions can bring a substantial benefit, as the results in the following section show.

6.3 End–to–End Throughput Performance

In Fig. 11, we show the performance comparisons in end–to–end throughput as a
function of average SNR under Nakagami–Rice fading channels for a Ricean fac-
tor of 10dB. We assumeE[|h1|2] = E[|h2|2] for simplicity. In this figure, we plot
the curves for the conventional 4–step relaying scheme, the3–step DF scheme with
XOR network coding, and the 2–step DNF scheme with XOR denoising and adap-
tive denoising. The direct link betweenA andC is assumed to have SNR of 0. Due
to the time efficiency, the 3–step network coding is superiorto the 4–step proto-
col with an improvement of 33%, as discussed before. The 2–step DNF scheme
further improves the throughput by a maximum of 100%. The XORdenoising can
offer an excellent throughput performance if we can use the precoding technique
for phase–synchronization to achieveφ = 0. However, it seems technically infea-
sible to obtain an accurate phase synchronization among thedistributed terminals.
Without such a precoding, the XOR denoising suffers from a serious performance
degradation because of the distance shortening occurred inseveral channel condi-
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tions. This degradation can be significantly compensated byusing adaptive network
coding which allows the use of 5–ary modulations as well as 4–ary one.

7 Conclusions and the Way Forward

The shared wireless medium fosters cooperative (relay–aided) communication modes
among the proximate nodes. The two–way relaying scenarios lift such cooperative
techniques to the next level, by leveraging on the recent ideas of network coding.
We have shown that even the simple 3–node scenario with two–way relaying is a
fertile ground for devising novel communication strategies. For a class of two–way
relaying techniques, the relaying node decodes the messages before broadcasting
them back to the terminals. For that class of techniques, thenovel ideas are fea-
tured in the broadcast methods, since the relay has a large freedom in combining
the two received messages. We have also elaborated on the techniques that do not
require decoding at the relay, where the innovative techniques are combining sev-
eral operations at the relay: detection, quantization, mapping and recoding. In the
information–theoretic setting, rather than using solely random codebooks, we have
shown that the structured codes, such as the lattices, can have great utility if the
does not decode but only denoises the received signals. Besides the information–
theoretic discussion, we have provided insights into the design of the two–way re-
laying schemes with practical modulation constellations.

The techniques for coded bidirectional relaying representa prime example of
the large freedom that a wireless network designer has in devising novel commu-
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nication modes. This is in particular visible if we compare them with the protocol
designs that are aligned to the layered protocol structure.The presented commu-
nication schemes somehow violate the layering, since: (a) the intermediate nodes
(network layer) do not decode the information before forwarding it further, and (b)
the adopted network–coding approach observes more than oneflow simultaneously,
while the layered architecture is single–flow–oriented. The approaches for coded
bidirectional relaying leave largely open venues for future work: code designs, chan-
nel estimation, scheduling, retransmission protocols, etc. To name one more general
topic - despite the apparent performance advantages in the simple 3–node scenario,
it is not straightforward to see how the techniques without decoding at the relay can
scale to networks with may nodes.
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