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Abstract The communication strategies for coded bidirectional iway) relay-
ing emerge as a result of successful amalgamation of thetreteas from network
coding and the broadcast/interfering nature of the wisstesnmunication medium.
In this chapter we consider the basic scenario in which twmiteal nodes carry
out a two—way communication, helped by a third, relay nodsights are provided
into several important ideas that arise in this simple comigation scenario. The
communication mechanisms can be divided into two groupgemni@ing whether
the relay node is or is not required to decode the messagestiie® terminals. For
the class of techniques in which the reldgnoisegather than decodes the mes-
sages from the terminals, we discuss the role of structusddscin achieving the
highest aggregate rates in the system. The treatment obfestis generally in
an information—theoretic setting, but we also present #sgh of communication
mechanisms when finite—length packets and practical mtdnleonstellations are
used.

1 Introduction

The techniques for coded bidirectional or two—way relaytiage received signif-
icant attention in the recent years [1-15]. The mechanigm$afo—way relaying
or, more general, multi-way relaying, leverage on two cpiea blocks. Thdirst
conceptual blocks the shared nature of the wireless communication medium. O
one hand, this implies that there is interference when pialtransmissions are oc-
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Fig. 1 (a) Uncoded bidirectional relaying (b) Example of codedreictional relaying with three
steps (phases) (c) Example of coded bidirectional relawiitig two steps.

curring simultaneously. On the other hand, tiesless broadcasting is “cheapth

a sense that a single transmission can be received by neuttqules. Thesecond
conceptual blocks the idea of network coding. In short, the traditional dasof
communication networks observes the data flows as convetommodity flows.
Therefore, a routing node in the network essentially repdis the data packets from
an incoming link to an outgoing link (or multiple links, in ®& of multicast). The
network coding recognizes that a data flow is different frophgsical commodity
flow and generalizes the routing such that the data on a giuggoing link is a
function of the data from two or more incoming links.

To see how these building blocks accrue into novel modes @fl@gs commu-
nication, consider the example on Fig. 1 [1]. The commuivcascenario is that
the nodeA has packets destined @and vice versa. However, in this example we
assume that the capacity of the direct channel betweandC is zero and the
communication between them must be done by uBiag a relay node. The packet
from the source nodeto the destinatior) is denoted byDjj. For this example, all
the packets have identical sizes. The nBde neither source nor destination of the
data traffic. The conventional (uncoded) relaying regahésttansmission obDac
andDca as two separate problems. Fig. 1(a) shows that the uncotigding con-
sumes four steps, each step having a duration of a time stath&other hand, the
coded bidirectional relaying Fig. 1(b) considers the twansmissions as a single
problem. In the first two slots the relay gathers the pacRatsandDca from the
respective source node. In SteBdroadcasts the packBg = Dac @ Dca, Where
@ is XOR operation. After receivindg, the nodeA decodeDca = Dg @ Dac by
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using its a priori knowledge dDac. In analogous wayC decode®Dac. Thus, to
transfer the same amount of data, the coded two—way relagingires only three
time slots, which is an improvement of 33 % over the uncodkyireg. This simple
example clearly illustrates the two building blocks, meng&d above: (1) it utilizes
the feature of “cheap wireless broadcast” to save one trasgm slot; and (2) the
packets of different incoming communication flows are camebdibefore being sent
over the outgoing link (broadcast) of the relay n&ie

In the example on Fig. 1(b) the relay node gathers the pafrkeitsfrom A andC
in a time—division manner. Alternatively andC can simultaneously transmit over
the multiple access channel [3], as shown in Fig. 1(c), wineraise the notation
X;j to denote the baseband signal transmitted by the noldeStep 2,B transmits
the signalxg, which is created as a function of the signal tBateceived in Step
1. This function does not necessarily assume Bhiatable to decode the individual
signals. In the simplest cag® needs only to amplify the signal that it has received
in Step 1 and broadcast it backAcandC in Step 2. Sincé (C) a priori knows its
contribution to the interfered signal receivedBain Step 1, then it can utilize this
information to reliably extractc (Xa) from the signalkg. Ideally, if bothA andC
decode each other’s signals correctly, the time to tran$mitlata is only two steps,
which means throughput improvement over the uncoded redagfi 100 %.

These illustrations of the coded two—way relaying sugdest the underlying
ideas have a great potential to improve the performance r@egis networks. The
chapter does not aim to cover all the aspects of the two—waying, which for ex-
ample include multiple—antenna techniques, scenari@ifgpehannel estimation,
scheduling, etc. Instead, the objective is to elaborateegaral important ideas and
insights brought by the two—way relaying scenario. We wék ghat already this
simple three—node scenario gives rise to many novel teaksijguch that the cases
with more than three nodes are outside the scope.

The text is organized as follows. After the preliminarieshie next section, we
first describe the bidirectional relaying techniques tequire decoding at the relay.
Section 4 is dedicated to the discussion of the techniquess whken the relay does
not decode the messages from the terminals. A class of sclchities is based on
denoising (rather than decoding) and Section 5 outlinesgikeial significance that
the structured codes have for such denoising techniquesn@&kt section departs
form the information—theoretic setting to provide insighto the more practical
aspects of the coded bidirectional relaying, by considgiitite—length packets and
practical modulation setting. The last section concluleshapter.

2 Preliminaries

We assume that there are only two communication fladvs; C andC — A, re-
spectively. The relag is neither a source nor a sink of any data in the system. All
the nodes are half—duplex, such that a node can either titamisraceive at a given
time. The rate at which nodec {A,B,C} transmits is denoted bi. During the
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transmission, the nodenasn; channel uses, such that the message that it sends has
n;R; bits. Let us denote b > n; the total number of channel uses during the whole
round of two—way relaying. If afteN channel uses the messadfec(Wea) is re-
ceived aC(A) successfully, then the raRac achieved fromA to C and the rat®Rca
achieved fronC to A are given as:

_ NARA
N

_ R

Rac N

Rea 1)
We will be interested in determining the rate pdac, Rca) and the sum (two—way)
rateRac + Rca. We will assume that in each rouAdandC transmit only fresh data,
independent of any information exchange from the previousds'.

The message sent from nodend destined for nod¢ is denoted by\; and
the corresponding binary representation is the vewipr The size (in bits) of the
message is denoted bwij|. The codeword transmitted by nodés denoted by
xj and is a vector of dimensiom, whosem—th element is denoted by[m]|. The
random variable that stands for a symbol sent (received)dale nis denoted by
Xi(Y;). The received vector at nodds y;. We mainly consider Gaussian channels,
explicitly stating if the channel is discrete.

For Gaussian channeXg,Y; are complex numbers, unless stated otherwise (Sec-
tion 5.2). If only one nod& € {A,B,C} is transmitting, then the received symbol
at the nod&/ € {A,B,C}\ U is given by:

Y =huy Xy +2v 2)
or if we want to emphasize that it is the-th symbol:
W M| = hyyxy [m] + 2/ [m| 3)

wherehyy is the complex channel coefficient betwdé¢randV. z,[m] is the com-
plex additive white Gaussian nois€.4 (0,Np). The transmitted symbols have
E{xy[m]} = 0 and a normalized powet{|xy [m]|?} = 1. If A andC transmit si-
multaneously, theB receives:

Yg = hiXa+hoXg + Zg (4)

Each node uses the same transmission power, which makeskksymmetric:
hac=hca=ho; hag=hsa=h1; hcg=hgc=h (5)

This assumption is certainly restrictive, as one can ogtnthe two—way trans-
missions by allocating appropriate power to the nodes,enteleping some global
power constraint for all the transmitters; however, thacdssion is outside the
scope of this text. The bandwidth is normalized to 1 Hz, shelt the time is mea-
sured in number of symbols (channel uses) and the signaletse-ratios (SNR) is

1 This is analogous to the what Shannon in [16] refers as a selientapacity for theestricted
two—way channel
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given as:
V= N i=0,1,2 (6)
NO )=
and a point—to—point link with SNR af can reliably transfer up to:
C(y) = logy(1+y) [bit/s] (7

Without loss of generality, we can assume that

o>y (8)

and we also assume that the direct link is worse than botls linle.yp < y1. We
will see that there are schemes in which the signal receivedtbe direct link can
be used as a side information to improve the end—-to—end rates

3 Two—way Relaying with Decoding at the Relay

Here we discuss the methods for two—way relaying in whiche¢tesy node decodes
the messaged/ixc andWea. We consider three—step scheme callstode—and—
Forward (DF) and two—step scheme, termédint—Decode—and—Forward (JDF)
Both schemes consist of aplink phase and broadcasiphase. In the uplink phase
B gathers data fromA andC, while in the broadcast phag8gransmits toA, C.

3.1 The Uplink Phase

The uplink phase of three—step scheme consists of two dtefsep 1 the nodé&
transmitsWac usingna symbols and in Step 2 the no@etransmitsea usingne
symbols. The rateRa andR: should be chosen:

Ra<C(yn)  Re<C(y) (9)

whereC(-) is defined in( 7). After the uplink phas® successfully decodes thgRa

bits sent byA and thencRc bits sent byC. The message th& needs to relay t€
andA is denotedMsc andWia, respectively. In the simplest case, the direct link be-
tweenA andC is considered to have zero capacity, such that after thaluphase,

A has still not any information about the packet senthynd vice versa. Hence,
whenyy = 0, B needs to completely relay the messagks and\Wea. However, in
generalyy > 0, such that the direct link betwednandC carries non—zero informa-
tion. In this case, at each step of the 3—step scheme thereaddast transmission,
since one node is transmitting and two are receiving. In $tepbroadcasts t®
andC at a rateRa, whereRy < Ry < C(y1). The nodeC receives some partial in-
formation from the broadcast éf and vice versa, which decreases the amount of
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Fig. 2 Achievable rate re-
gion for the multiple—access
channel used in the uplink
phase. 0 )

A
=
2

data that needs to be broadcastedbin this caseWgc containsna[Ra — Ro] bits,
while Wga hasnc[Re — Ry bits, whereRy < C(yp). The relay can use random bin-
ning [17] to create the messages that need to be relayed.sWéthapproachisc

is uniquely determined frofiaxc andWia is uniquely determined frorea. The
uplink transmission of the three—step scheme is illustrateFig. 3(a).

While the uplink phase of the three—step scheme consisteodbtoadcast trans-
missions, the uplink phase of the JDF scheme consists of itwaltaneous trans-
missions over a multiple access (MA) channel. In this casentimber of channel
uses byA andC is equalna = nc, and the rateRy andRc should be selected within
the capacity region of the MA channel [17] wiBhas a receiver (see Fig. 2):

Ra<C(yn) Rc<C(y)
Ra+Rc<C(ni+ ) (10)

Due to the half—duplex restriction, in Step 1 béthndC cannot receive information
over the direct link, such that the relayed messages camnmduced antsc =
Wac, Wsa = Wea. The uplink transmission of the JDF scheme is shown on Fig). 3(

3.2 The Broadcast Phase

A feature of the two schemes described above is that the neldgB knows the
message®ac, Wea and has a complete freedom in combining them for the broad-
cast phase. We first describe a simple broadcast strateggdimines the data by
using XOR. In relation to the quantity of data ti&ashould relay toA,C, there are
two different cases:

e |wga| > |wgc|. The shorter packetpc is padded withwga| — |wgc| zeros and
the padded packet is denoteda§. ThenB broadcasts the packeka®wh at
the transmission ratég < C(y1), limited by the SNR of the weaker link. This is
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Fig. 3 lllustration of the uplink and the broadcast phase for tiesges with decoding at the relay.

required since botA andC should correctly receive the XOR packet. This case
of the broadcast phase is illustrated on Fig. 3(a).

e |wga| < |wpc|. In this case we take the firstiga| bits ofwgc to create the packet
wélc). The vector of the lagpc| — |wga| bits of wgc is denotedN(EfC). The relay
node transmits as follows:

— The packewélc) @ wpp at rateRf31> <C(n)

— The packewézc) at rateRéz) < C(y), as onlyC needs to receive it.

This simple broadcast is depicted on Fig. 3(b). Such a caseoeur if during
the uplink phase the rate pdRa, Rc) is selected to be e. g. at the polnt

Fig. 3 shows only two of the four possible combinations ofdfeerent options
for the uplink phases and the broadcast phases. For exaaiptejn the three—

step scheme it can happen thaga| < |wgc|, such that the broadcast phase uses
transmissions at two different rates.

3.3 Improved Broadcast Strategies

The simple broadcast strategy does not efficiently use thikaée degrees of free-
dom. In this section we describe two strategies that carrgakae achievable rate

region: (1) broadcast strategy based on superpositiomgautid (2) broadcast strat-
egy with side information.

3.3.1 Broadcast with Superposition Coding

Superposition coding has been introduced as coding syrditeg) achieves the ca-
pacity region of degraded broadcast channels [17]. Thesmubroadcast channels
belong are degraded and here we explain the superpositadagf for the Gaussian



8 Petar Popovski and Toshiaki Koike - Akino

case. We reuse the notations from the scenario above anidieoti® case in which
B broadcasts té andC. The codeword transmitted [is:

xg = V1— Oxg1+V0xs2 (11)

where @ is the power division coefficient. The codewoxg; should be decoded
by bothA andC, while the codewordg » needs to be decoded only B When
decodingxg 1, the codewordg » should be treated as noise with povégisuch that
its rate should satisfy:

(1-0)hgal?\ . /(1-0)n
RB’lSC(NoJr 9|hBA|2) _C( 1+0y ) (12)

C uses successive interference cancelation: after decegdingts contribution from
the received signal is removed axgl, is decoded, such that its rate should satisfy:

Re2 < C(6Y2) (13)

If B broadcasts duringg channel uses, theA receivesngRg 1 bits, while C
receivesngRg 1 + NeRe 2 bits. This implies that this strategy is effective when the
relay nodeB has more data destined f@rthanA, i. e. |wgc| > |wga|. Recall the
corresponding case from the simple broadcast strategyhichvwe have split the
broadcast data @& into two messages:

e The packewglé @ wpa is common for bottA andC and is sent using the code-
wordxg 1, at a rateRg 1.

e The packewézc) is sent using the codewors », at a rateRg ».

Once the parameters of the uplink phase are fixed, one carttpogaestion: which
6 will result in most efficient broadcast? We can answer thasddying equalities
in (12-13) and solving the the balance equations for the idetiae uplink and the
broadcasts phase. For the three—step DF scheme the batprat®es are given as:

nNa(Ra—Ro) = ne(Re1+Rs2) (14)
nc(Rc—Ro) = neRe1 (15)

The first and second balance equation isvige andwga, respectively. The only
unknowns ar@g and@, which can be found by solving the system of equations. For
the JDF scheme the same equations are applied by seitiagic andRy = 0.

3.3.2 Broadcast Strategy Optimized for Two—Way Relaying

In the previous broadcast strategies, the relay node &ligitcombines the data
destined for the two different users by using the XOR openati hereforeB can
use codebooks and strategies that are used in the convariimadcast scenario,
whereB is the source of information. On the other haidis not the sourcef
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information and each of the nodésC knows part of the data th& broadcasts,
since it has itself sent the data in the uplink phase. Thisvatets to consider a
different broadcast strategy, in which the codebook8 ate designed in order to
account for the side information present at the no&l€ as introduced in [12].

Intuitive description

Let us consider a very simplified scenario in whiBhhas two bitswga =
[c1 Cc2] to be transmitted té\ and four bitswgc = [a; @2 az a4 | to be trans-
mitted toC. Furthermore, assume thatknowswgc andC knowswga and
this knowledge is used as a side information in the decodioggss. We also
make the following simplifying assumptions. The liBk- C has SNRy that

is sufficient forC to reliably decode 16—QAM symbols sent By The link

B — A has a lower SNR and can reliably decode only QPSK symbolsydiut
constellations of a higher level. The temaliableas used here is not precise
and does not reflect the probabilistic nature of the errarssérves well for
illustrating purposes. We pose the following question:

Can B use a single 16—QAM symbol to send vath andwgc?

The trick is to observe that the 16—QAM constellation cassaf four
shifted QPSK cosets or subconstellations, see Fid dannot reliably de-
code a 16—QAM symbol, but if it has a side information to whiZIASK coset
does the symbol belong, it can reliably decode it. Note tHabaet QPSK”
has approximately 1.0dB loss compared to the pure QPSKIsiguiafor the
discussion here we assume that both can be receivedaially reliably. The
mentioned decoding of cosetsfAtan be implemented as follows. The node
B creates the following two—bit messages:

X QPSK coset 2

O OQPSK coset 1
/\ QPSK coset 4

® (OPSK coset 3}

o ) o )
X A X A
o ) o) )

Fig. 4 Representation of

16—QAM with four QPSK

subconstellations. X A X A
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e The messagwp 1 = [a1 a2| & [C1 C2] and needs to be decoded bothAy
andC.
e The messagep, = [a3 as] needs to be decoded Byonly.

To see how the transmitted 16—-QAM symbol is selected forrpives, wg o,
we refer to Fig. 4. The nodB useswg» to determine which QPSK coset is
being sent, while it usesg ; to determine the symbol within the coset. Now,
since A knowswg > and thereby the coset a priori, it decodes the received
signal by defining decision regions only for the coset ofrieséand ignoring
the other 12 constellation points. After decoding s, it retrieves the bits
[c1 o] by using XOR. On the other han@,decodes the transmission Bf
by using the full 16—QAM constellation, retrieves the 2-gztketswg ; and
wg > and uses XOR to extract the bjes  a] fromwg ;.

One may argue that we have again used digital combining WORXNev-
ertheless, here the decodingraises the side information in the “analog” part
of the decoding, which is not the case with the usual XOR paakebining.

The result from [12] shows that a related broadcast strategybe devised in
information—theoretic sense by creating appropriate lsodks and decoding rules.
Thus, the message froBican carry data té&\(C) at a rateRga(Rsc) Where:

Rea<C(y1)  Rec<C(y) (16)

With given datawga andwpgc, this broadcast strategy is carried out as follows.
Let us assume th& uses the maximal possible rates by putting the equalityGh (1
We first consider the case when

Wea|  |[Wac|
Cyn) ~ C(y)

17)

B divideswg, into two messagaﬂgl,i,wézA) such that:
e With ng 1 channel uses and using the broadcast codebooks with satenation
it sendswél,l to A andwgc to C, such that the following should be satisfied:

WEAl _ |wac]
Clyn) C(y)

(18)

form which the size ov?v(Bl,i can be determined.
e With ng 2 channel uses ordinary single—user codebook withCége) to transmit

wfazA) to A
From the above conditions the duration of the broadcastgisgeund to be:

|Weal
Cin)

NB=nNg1+Ng2= (19)



Coded Bidirectional Relaying in Wireless Networks 11

For the other case, when (17) is not satisfied, with a simiteyesis it can be
found that the duration of the broadcast phase is:

|Wac|
Np =
®7 Clp)

(20)

3.4 Numerical lllustration

Figures 5 and 6 compare the regions of achievable rate (RiesRca) for dif-
ferent uplink/broadcast strategies of the schemes witbdlag at the relay. Fig. 5
compares the three—step DF scheme with the two—step JDfeakieen the simple
broadcast strategy is used. The SNRs of the links are chaséras to illustrate that
none of the two achievable regions is completely containgtie other. As shown
in [7], the maximal two—way sum rate is achieved whega| = |wgc|. The two
strategies can be combined by time—sharing [17] in ordecldeae rate pairs that
are not achievable by any single strategy DF or JDF. The greyshows the convex
region of achievable rates when time—sharing is used. Fample, the rate pair at
point M can be achieved by using the JDF strategy with rates at the pdor a
fraction d of time, while for the remaining fractiofil — &) of time using one—way
transmission fronA to C with B as helper (the rates at the poiit

Fig. 6 compares the achievable rate region for the threp-BFe scheme for
the three different broadcast strategies. Note that thegtdots at a valu®ac =
1.5 in order to emphasize the differences between the stemtefs expected, the
largest region is achieved by the broadcast strategy wdth isiformation. Similar

35 T T T T T T
L 3-step DF
= = = 2-step JDF

= convex region with time sharing

RAC

Fig. 5 Achievable rate regions with the three—step DF scheme aavih+-step JDF scheme when
the simple broadcast strategy is used. The parameteyg aré dB, y1 = 15 dB,» = 20 dB.
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Vo:0 dB, ;=15 dB, y2=20 dB
25 T

T
Simple broadcast

= = = Superposition coding
Side information

15

CA

0.5r

35

Fig. 6 Achievable rate regions with the three—step DF scheme wifilenesht broadcast strategies
are used. The parameters gge= 0 dB, y1 = 15 dB,y, = 20 dB.

results are obtained when JDF strategy is considered. lergknhe benefits of
the improved broadcast strategy are observable when therdrabdatajwgc| that
needs to be send over the stronger link, is larger thap|.

4 Two-way Relaying without Decoding at the Relay

The relay nodeB is not the intended destination of the data from the source an
hence it is not necessary that it decodes the data. By lewgrag that observation,
we can markedly increase the space of available commuaircatiategies. In this
section we discuss several techniques that do not requiteldey at the relay. Note
that the strategies without decoding at the relay are natliykrought by the two—
way relaying, and they have already been applied to one-slaying, see e. g. [18].
Nevertheless, the two—way relaying scenario has distiaf¢iatures that give rise to
some completely novel strategies, such as Denoise—andaFeb{®NF), described
further in the text.

We describe three strategies that have two—steps, as iDEhecheme: an uplink
step over multiple—access channel, such that nc , and a step ofg channel
uses for broadcast. A3does not obtain the messadfls:, Wea, it cannot combine
them digitally by using the XOR operation. Instead, the algriromA andC are
inherently combined through the multiple access chanwoeh shat the network—
coding isanalogand done at the physical layer [4] [7] [11].
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4.1 Amplify—and—Forward (AF)

The simplest strategy is Amplify—and—Forward (AF) [3, 6],which the relayB
amplifies and broadcasts the symbols of the received n@swalig from the uplink
phase, such that the vector transmitted in the broadcasepsa

xg = BYg = B(hiXa+ hoxc + zg) (21)

The amplification factof is chosen as:

1
h= \/ a2+ a2+ No (22)

to make the average per—symbol transmitted enerdy equal to 1. For the AF
schemeng = npy = nc. Them—th symbol received b is the amplified and addi-
tionally noised version of then—th symbol received b in step 1:

yalm| = Bhyyg[m] + za[m| =
= Bh2xa[m] + Bhihoxc[m] + Bhyza[m] + za[m]

Assuming thatA knowsxa[m], hy, h, and, then it can remove the contribution of
Bh2xa[m] from ya[m] and obtain:

ralm] = Bhohoxc[m] + Bhazg[m] + za[m] (23)
which is a Gaussian channel for receiviegm| with SNR:

AF) _ B?|hy|?|hy|? _ yiye (24)
C=AT (B2hy 2+ 1Ny 2y +y+1

This notation denotes th A_f,l is the SNR that determines the transmission rate

Rc, such thakc can be successfully decoded AySimilarly, we can find the SNR
which determines the rafa:

AF) Yo

=" 25
A—C V1+ 2y2+ 1 ( )
The rate paifRa, Rc) used in Step 1 should satisfy:
Re<C(WR)  Re<c(¥)) (26)
and the achievable rate region is determined as:
1 (AF) 1 (AF)
Rac < EC (VA_,c) Rc < EC (Vc_>A) (27)

since the end—to—end rates are calculated omgcBannel uses.
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4.2 Denoise—and—-Forward (DNF)

Even if the relay does not decode the messages &@ndC, it can still process
the received signalg beyond mere amplification, while still not decoding the mes-
sagedhac, Wea. In general, we term those strategies Denoise—and—Fo(Date)

in order to emphasize that the noise is mitigated, but theasig not decoded.

Motivating example for Denoise—and—Forward (DNF).

Assume that the multiple access channd &t specified witthag = hcg = 1:

Yg = Xa+Xc+2Zs (28)

Let A,C use BPSK modulatioXa, Xc € {—1,1}. Assume at first that there is
no noiseZg = 0. Then the possible signals thatan observe aré—2,0,2}.

If the received symbol is either 2 ef2 thenB can infer that the signals sent
by A andC are (Xa,Xc) = (1,1) and (Xa,Xc) = (—1,—1), respectively. If

B receives 0, then it has ambiguity whether the signals senPar, Xc) =
(1,—1) or (Xa,Xc) = (—1,1). However e. g. ifA sends 1 and learns thBt
has observed 0, thelcan infer thatXc = —1. How much information does
B need to send so th&tandC can retrieve each other’s symbols? One bit of
information fromB is sufficient: IfB also uses BPSK modulation, then it can
broadcaskXg = —1 when it observe¥s = —2 orYg = 2 and it can broadcast
Xg = 1 whenYg = 0. One can easily check that, with the knowledg&oand
Xg, A can inferXc and, vice versa, knowingc andXg, C can inferXa.

If the channel aB is noisy, therB needs to set appropriate decision regions
for the symbols, see Fig. 7. The output of the decision p®ea symbol
from the set{—2,0,2} and in the next steB appliesdenoise mappingn
order to compress the ternary symbol from the decision pt® a binary
symbol{—1,1} that needs to be sent in the broadcast phase.

decision regions

v

(-1,-1) -1, 1)  (-1,-1)

Fig. 7 Example of the deci- (-1,-1)
sion regions and the denoise \*/
mapping wherA,C use BPSK

(XA ] XL)

signaling anchag = hcg = 1.
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The example above outlines the main operations that neezldofe byB to im-
plement a DNF scheme: (1) decision process that quantizagteived signal and
(2) mapping of the quantized signal to a message that isiséime ibroadcast phase.
In the example we have usger—symbol denoisingvhere the quantization and
the mapping are done for each individual symbol. Such ancampris interesting
when we consider non—information—theoretic analysis sitering finite—length
packets and constellations, see Section 6.

For information—theoretic analysis, we need to conspi+codeword denois-
ing. In that case, the decision/mappinggais based on the received vectgy dur-
ing thena = nc channel uses of the multiple—access phase. The denoisengapp
at B produces the message and should be designed in such a way that by know-
ing Wac andWg, the nodeA can uniquely determinéga (analogous foC). More
generally, the noisy versions of the broadcasted sigaareya,yc, each being a
vector of dimensiomg. After the broadcast phase, the nodleshould be able to
decodéMca from the observatioga and usingNc as a side information.

It is interesting to find the rate pajRac, Rca) that is on the outer bound of the
achievable rate region. Assume that in the uplink phasetréimsmission rates are
Ra =C(y1) andRc = C(y»). The relayB cannot decod@/ac, Wea because the point
(Ra,Rc) = (C(y1),C(y»)) is outside the capacity region of the multiple access chan-
nel with B - this is shown by simply observing th@tys + y2) < C(y1) +C(y2). Now
assume that in the broadcast phBagsesng = np = nc to transmityg noiselessly,
such thatA, C can observe the exact output vecygr Clearly, no DNF scheme can
do better than this, since frogp, andyc can be represented as noisy copieggf
If Xa is sent at rat&a, then to be decodable @tit has to satisfy

(a

Ra < I(Xa;yaMea) < I(Xa;ysWea) = naC(y1) (29)

R

where (@) follows from the data processing inequality [Hwever,C decodes the
signal fromA after Z2hp channel uses, such that the end—to—end rate AaoC is
%RA = %C(yl). Making analogous observations 6y we can write that a point in
the outer bound to the achievable region and the two—way aterig given by:

(R Ren) = ( 300, 500 (30)

The achievability of the outer bound with structured codediscussed in Section 5.

4.3 Compress—and—Forward (CF)

An interesting variant of the DNF schemes is using the qaatiin/compression
framework to determine the operations carried out at the/nebdeB and is termed
Compress—and—Forward (CF) [15]. Fig. 8 shows the data diepeies in the CF
scheme.
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Fig. 8 Conceptual description of the Compress—and—Forward (€€rse.

After observingyg, B can obtain its quantized versi§g as well as the message
W, consisting ofgRg bits, which is uniquely associated wifta. We consider the
decoding a€. The relay broadcasks(Ws) andC receives/c. From the knowledge
of xc sent in the MA phase can create the seMA defined as:

wMA — (We|(xc, §8(Wk))isjointlytypical} (31)

For formal definition of joint typicality, see [17]. Inforniig, we can say that from
the knowledge okc, the nodeC can create the set of candidate messagethat
correspond to set of quantized vectdfs}, such that the observed signa is
likely to be “close” to one of the vectors in that 48z} .

Next, after observingc, C creates the set B¢ defined as:

#BC = (Wk|(xe(Wk), yc) is jointly typical} (32)

which is the set of candidate messages that are likely toriidog® in the broadcast
phase. In a more conventional approach, one would selettahgmission rat&g

so that\g is decodable & only from the observatiogg. In that case# B€ should
contain unique messad¥s. The trick used here g does not need to be decod-
able only fromyc. InsteadWs can be found as the unique message that lies in the
intersection?”MA N % 8C. Having found\g, C can find the unique messagéc.

An important element of the CF scheme is the quantizatiofopaed atB. For
Gaussian channels, the parameters quantization in [1B{ésmined by using Gaus-
sian test channel and the achievable rate regions are etitaymumerical optimiza-
tion of the parameters of the test channel.

4.4 Numerical lllustration and Variations

In this section we illustrate the achievable rate regiomgHe schemes that do not
require decoding at the relay. Fig. 9 compares the achievaé region for the
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AF scheme with the achievable rate region of the two—stepsibEme (where the
relay decodes). The point from the outer bound is also plaitea reference. It is
interesting to see that, for the chosen valueg aind s, the achievable region for
AF contains points that are not achievable by decoding a&tlag. From the results
in [15] it can be seen that the CF scheme can bring a largevmegs compared to
AF, but not for all configurations ofy, y-.

Y,=20 dB, v,=25 dB

T
AF
JDF| 7

| cu2
ar outer bound/

cy)2

I
0 0.5 1 15 2 25 3 35 4 4.5

RAC

Fig. 9 Comparison of the achievable rate regions for the two—steeraes Amplify—and—Forward
(AF) and Joint Decode—And—Forward (JDF). The point fromdheer bound is also plotted. The
parameters arg = 20 dB andy, = 25 dB.

In discussing the schemes without decoding at the relay, ave focused on
the two—step schemes in which the uplink phase consistauagtnissions over the
multiple—access channel. The three—step schemes, whitagge on the direct link
betweenrA andC, can also utilize relaying which does not require decodinthe
relay. For example, consider the possible way to use AF ihiree—step scheme.
We can constraina = nc = ng. B sums thep received symbols from the first step
with thenc symbols from the second step and amplifies the sum by reapebi
transmit power constraint. Théhdecodes by (A) combining the, symbols from
step 1 with theng symbols from step 3 and (b) using its knowledge of the signal
it has sent in step 2. Another generalization of the scherassritbed here is the
Mixed Forward [15], where the relay decodes the data in orextion (e. g. fromA
to C), while uses compression in the other directiGridg A).

5 Achieving the Two—Way Rates with Structured Codes

Using the arguments of random coding, it has been seen tisabard, if possible
at all, to achieve the maximal two—way sum rates i .e. therdagend point from
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Fig. 9. In this section we discuss the usage of structuredsodthe DNF schemes,
by whichB can do reliable decisions about the combination of the coddsvsent
by A andC without actually decoding the messad@ég:, Wea. We first discuss the
case of discrete channel, where the structured codes atgoaeck codes. For the
Gaussian case, the structured codes are based on lattices.

5.1 Parity—Check Codes for Binary Symmetric Channels

In this section the input/output variabl¥sY;, as well as the corresponding vectors
Xi,yj are binary. The output of the multiple access channel atedfay modeB is
defined as:

Ye=Xa B XD Zp (33)

In the broadcast phase, the outputéandC are given as:

Ya = Xg$ Za (34)
Y =Xg®Zc (35)

The noise variables, i € {A,B,C} have Bernoulli distribution, with error probabil-
ity P(Z; = 1) = p. If B knowsX a priori, then the capacity of the channel frém
toBis:

Cagc =1—-H(p) =Ccpa (36)

where, analogousl¥cga is the capacity fronC to B, if B knowsXa a priori. Let
the source nodes select the transmission rates as:

Ra=Rc=1-H(p) (37)

We now use the coding theorem for the binary symmetric cHa{3&C) for
parity—check codes, see [19], Sec. 6.2. This theorem gteethe channel capacity
of the binary symmetric channel can be approached artjtidasely by using the
so—called coset codes. (A, k) coset code is defined as a code wifrcadewords of
block lengthn > k and each message Habits. Each message is represented by a
1 x k vectorw and the corresponding codeword: {0,1}*" is obtained as:

X=wGdc (38)

whereG is ak x n binary matrix andc is 1 x n binary vector. The theorem states
that a code that is constructed with random selection of therttries inG andc
can achieve the capacity of BSC.

Let us assume that, for a given codeword lernyttihe rates are selected

Ra=FRo= K <1-H(p) (39
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and G andc are chosen according to the discussion above and are knowaih to
the nodes. When the messages andwc are transmittedA andC select their
codewords, respectively, as follows:

Xa=WaG@c X =wcG (40)
The received vector & is:
YB =Xa®XcDZg = (WaDWc)G @B C (41)

ConceptuallyB can treat the received vector as an output of a BSC, over waich
virtual transmitter sends the message= wa & wc by using the same coset code as
used byA. ThenB tries to reliably decode the messagerather than the individual
messagew/a andwc. m’ is a message dbits that, by assumption, can be reliably
decoded over the BSC. In the broadcast phBsends the codeword = WG ¢ c,
which can be reliably decoded by bostandC.

We can conclude that when the two—way relaying system fegatoinary sym-
metric channels, the rate pédRac, Rca) = (1—H(p),1—H(p)) of the outer bound
point is achievable.

5.2 Gaussian Channel

At the moment we do not have a rigorous proof that the outen@oint is achiev-
able in Gaussian channels and the discussion in this sesttmrid be taken as a pos-
sible way forward toward proving such achievability. Nadtattseveral works [10]
have considered the usage of lattice codes for two—wayirgjay Gaussian chan-
nels, but there is no known technique that certainly aclsiéive outer bound point.
In order to simplify the discussion, in this section we assuhat the wireless
channels areeal Gaussian channels, such that the received signals are:

Ys = Xa+Xc+Zs (42)
Ya = X +2a (43)
Yo =Xg+2Zc (44)

where for the transmitterthe average power &[X?] < 1 and the noise power is
E[Z?] = a2. We slightly abuse the notation used so far by defining:

Cly) = 5100,(1+ ) (45)

to correspond to the capacity of a real Gaussian channelStitR y;. We assume
that the transmission rates AfandC are chosen:

Ra=R(C) =Cly1) =C(i) (46)

0'2
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A lattice A is discrete subgroup of the Euclidean sp&ewith the ordinary
vector addition operation. K;,A; € A, then(A1 — A) € A and(A1+Ap) € A. The
lattices introduce algebraic structure for the codewondé continuous channel.
For detailed discussion on the lattices and their usagehireging the capacity of
Gaussian channel, the reader is directed to [20] and theerefes therein.

For our discussion, we use= na = ng, such that the transmitted codewords
belong toR". We use Construction A to generate the lattice, as desciibfz0].
These are the steps to generate the lattice8 tondC:

1. Pick a prime numbep, such that the rat® and the number of channel uses
satisfy:
p=2"% (47)

2. Draw a generating vectgy= (91,092, ..-0n), Whereg; is an integer uniformly
picked from the se{0,1,2,...,p—1}.
3. Define the discrete codebook

¢ ={ceZy:c=(g-qymodp q=0,1,...,p—1} (48)

4. The nodeA selects a random vectop = {Ua1,Ua2, ... Uan}, Where eachu,; is
independently generated as a real number uniformly dig&in [0, p). The
codewords transmitted b4 are obtained as follows: For eacke ¢, the corre-
sponding codeworga(c) is obtained as:

xa(c) = B(p e+ ualp—0.5) (49)

where the notatiofv], denotes the per—component modufwoperation:

_Jv  ifv<p
Mp= { v — p otherwise (50)

and the coefficieng is a normalization coefficient that ensures that the average
power of the transmitted codewordsRsUsing the crypto—lemma [21]( or see
Lemma 1 in [20]), one can show that theth component of each vector is a

uniformly distributed real number in the inter\,{alg, %). Hence, in this casp

2
should be chosen to t% = P in order to match the power constraint.
5. The nod&€ uses identical procedure Asexcept that it generates an independent
vectoruc.

Let us consider the properties of the sum of such generatéeeards. Each
pair of codeword$xa,xc) can be uniquely associated with the p@jx, gc) where
ga,0c € {0,1,...,p— 1} are the integers used in generating the correspondent
(ca,Cc) in (48), such that we can use the notatio(ga),xc(dc)) or simply
(ga,qc) to denote a pair of codewords. The sum of the codeword(paigc) is:

s(ga,ac) = B(p *{[Gigalp + Uailp — 0.5+ p~Y[giac]p + Uci]p — 0.5)
@ Bp *(([giga+ Uailp + [Gidc + Ucilp) — P) (51)
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where(a) follows from the distributive property of the modulo opéoat The im-
portant component &f (ga,qc) is:

Ti(0a,0c) = [Giga + Uailp + [Gi0c + Uci] p (52)

which can be represented as follows:

Ti(da.0c) = [9i[da+ac]p+ Uai+ Ucilp+ G P (53)
=t+ap (54)
where . ( )
0 if T(ga,0c) <P
o= { 1 otherwise (55)

On the other hand, using the crypto—lemma, one can infettitima real number
that is uniformly distributed ii0, p). Hence, thé—th component of sum of the pair
of codewordgga, gc) can be represented by:

S(da.0c) =Bp i+ &p—p)=B(p i+ —1)=B(p 't — 0.5+ &—0.5)

(56)
wherep~t; — 0.5 is a random variable that is uniformly distributed[in0.5,0.5)
andg — 0.5 is a binary random variable that can have a value of eitlteb or 0.5.
The distribution of§; is dependent ofh and can be determined by observing that the
distribution ofp~t; + & — 1 is equal to the distribution obtained from a sum of two
random numbers uniformly distributed r 0.5, 0.5], which implies:

PE=-10) ="  P@E=18) -1~ (57

In the sequel we will need the following definition:

Definition 1. The codeword paifxa(da),xc(dc)) belongs to the clagwif:

[Ga+oc]p = (Ga+Oc)modp = m (58)

There arep different classes, each containipgcodeword pairs. If two codeword
pairs (ga1,dc1) and(gaz,dcz2) belong to the same class, then one can easily show
that for each componeit

ti(0a1,0c1) = ti(da2,dc2) (59)

such thafs (ga1,0c1) and $(gaz, 0c2) are either equal or their difference is exactly
B

The relayB receives:
yB = S(0a,0c) + Z8 (60)
If from yg B can determine to which of thp = 2"R classes of codewords does

(ga,qc) belong, then in the broadcast ph&sean use “conventional” random code-
books to send theR bits that describe the class of the pair of observed codeword
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If A knows the class, then it can uniquely deternmggeand therebyWac. The same
is valid forC and in such case we would have achieved the point of the oatard
Having introduced this framework, we can think that the camioation from
A,Cto Bis done between a virtual transmitiéiandB. The virtual transmitter gen-
erategp codewordgxy } where thd—th component of each codeword is uniformly

and independently distributed (’I—E, %) Before transmitting the signal 8, V

generatedinary self-noiseat each component dixy }: for thei—th component,
V looks atxy; and uses the appropriate distribution &y see (56), to determine
whether to add or subtraét

In the absence of the binary self-noise, the codewordx@f can be reliably
decoded aB, which follows from the manner in which the codebook is geiuat
and the noisy channel coding theorem for Gaussian chanWelssonjecture that
there are codebooKsy } such thaB can reliably decod®, even in the presence
of the binary self-noise, but the rigorous proof for thisirlas not available at this
time and is a subject of ongoing work.

6 Signalling Constellations for Finite Packet Lengths

The discussion hitherto has been mostly focused on infeomatheoretic aspects
of the bidirectional relaying, which assumed arbitrarilpd) codewords/packets and
error probability that is asymptotically zero. In this sent we focus on the practi-
cal aspects of the two—way relaying by considering finitegth packets and finite
constellations. We restrict ourselves to the most intargstase, namely the two—
step DNF schemes that do not require decoding at the rela&ysdlmemes use with
per—symbol denoising, rather than per—codeword one, anddaeess the follow-
ing questions: How should the relaying noB@enerate a denoised signal for the
broadcast phase by observing the received signal at thekuptiase? How many
constellation points are required to reliably forward twstidct messages to the
destination node& andC? Considering the case in which both terminals use QPSK
constellations in the uplink phase, we present one exanfdigoalling strategies
for reliable bidirectional relaying. The ensuing discoss tell us two interesting
results: (1) we should use multiple network coding rulespéilaly optimized ac-
cording to the channel state information at the r&and (2) some specific channel
conditions necessitate the use of unconventional 5—anak@pnstellations, rather
than the QPSK.

6.1 XOR Denoising

WhenA, C are using QPSK modulation, the combined signaa + hoXc can have
up to 16 possible values, depending on the channel coeffidierh,. As it has
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been noted in Section 4.2, the relay needs to compress teevelssignalg before
forwarding it in the broadcast phase. Letting () be the QPSK signal mapper,
the 2-bit digital data of the ML estimatg§ can be written asy; = ///*1(25) €
{0,1,2,3}. In the DNF scheme that uses XOR-based network coding, tiag Be
creates the QPSK signal for the broadcast phase in the fiolijpway. It maps the
received signal within the ML region fgfva,Wc) into the QPSK constellation as
Xg = .# (Wg) Wherewg = Z(Wa,Wc) = Wa @ Wc. The mappe(-) denotes the
digital denoising function. Since a terminal node know®iis1 information, it can
detect the desired data from the denoising signal. The XQ®idimg works very
well for some channel conditions, e. .~ 0 where we define

h2/hy = pexp(j@) (61)

Fig. 10(a) shows an example of the received signal con8tellas at the uplink
phase foip ~ 1 andg ~ 0. The four signal points at the center may be unreliable in
the ML estimation because the distance between the poimthart. This produces
unreliable relaying when we adopt the JDF scheme at the. fdlegnwhile, as the
DNF scheme maps such closest neighboring points into the gamoising signal,

it offers a significant improvement in achievable througiyprformance.

(a) }1,2/'h1 ~1 (b) ho/h z (1+9)/2

Fig. 10 Examples of received signal constellations at the rBlayd XOR denoising.

6.2 Adaptive Denoising with Quintary Cardinality

The denoising functio(-) should be adaptively changed as a function of the chan-
nel state informatioi; andh, because the ML region highly depends on the chan-
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nel condition. The XOR denoising functidd(Wa,Wc) = Wa & We does not work
well for some specific channel conditions as illustrated ijn EO(b). This figure
shows an example of the received sigyafor p ~ 1/1/2 andg = 11/4. As this fig-
ure shows, all the closest neighbor points are mapped iffevelt denoising points.
In particular, the distance between the ML poifg, Wc) = (0,1) and(1,2) is very
short, which leads to an unreliable relaying performance.

It is very interesting to observe that for this case theresdus exist a denois-
ing function with 4—ary cardinality which can map all the st neighbors into the
same denoising point. The minimum achievable cardinafityhe denoising func-
tion to avoid the distance shortening is 5, which implieg the need to use 5-ary
modulation in the broadcast phase. For these channel aamglithe coding rule is
given as:

0 fOI’(AA,\Nc) € {(an>a(1a 1);(2a2)a(3a3>}
1 for(Waik) € {(0,3),(2,0),(3,1)}
‘@(WA;WC) =42 for (VyAv\NC) € {(Oa 1)) (1a 2)) (2a 3)} (62)
3 for(Wa,We) €{(3,2),(2,1),(1,0)}
4 for Wa,Wk) € {(1,3),(3,0),(0,2)}

The above denoising function performs well fey’hy ~ (1+j)/2 or (1—j). For the

other channel conditions, we require three more 5—ary deampfunctions and one
more 4—ary denoising function to avoid all the possibleatise shortening; in total
there are six coding rules. For the 5—ary denoising, we shasg some kind of 5—
QAM signalling for broadcasting. Although it exhibits aghiit loss in the Euclidean
distances as compared to the QPSK modulation, the ada#/efusix denoising
functions can bring a substantial benefit, as the resulteifidilowing section show.

6.3 End-to—End Throughput Performance

In Fig. 11, we show the performance comparisons in end—tb#eoughput as a
function of average SNR under Nakagami—Rice fading chanfioela Ricean fac-
tor of 10dB. We assumg||hy|?] = E[|h,|?] for simplicity. In this figure, we plot
the curves for the conventional 4—step relaying scheme3-thegep DF scheme with
XOR network coding, and the 2—step DNF scheme with XOR démgp&nd adap-
tive denoising. The direct link betwednandC is assumed to have SNR of 0. Due
to the time efficiency, the 3—step network coding is supewathe 4—step proto-
col with an improvement of 33%, as discussed before. Theep-BNF scheme
further improves the throughput by a maximum of 100%. The X#@Roising can
offer an excellent throughput performance if we can use tieequling technique
for phase—synchronization to achiepe= 0. However, it seems technically infea-
sible to obtain an accurate phase synchronization amondistéuted terminals.
Without such a precoding, the XOR denoising suffers fromrabae performance
degradation because of the distance shortening occurreelvgral channel condi-
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Fig. 11 End-to—end throughput performance as a function of aveg¢fe in Nakagami—Rice
fading channels for 10dB Ricean factor.

tions. This degradation can be significantly compensatagsing adaptive network
coding which allows the use of 5—ary modulations as well asylene.

7 Conclusions and the Way Forward

The shared wireless medium fosters cooperative (relagdambmmunication modes
among the proximate nodes. The two—way relaying scenafiesith cooperative
techniques to the next level, by leveraging on the recemtsiad network coding.
We have shown that even the simple 3—node scenario with tap-+alaying is a
fertile ground for devising novel communication strategi€or a class of two—way
relaying techniques, the relaying node decodes the messedere broadcasting
them back to the terminals. For that class of techniquesntivel ideas are fea-
tured in the broadcast methods, since the relay has a la#ggddm in combining
the two received messages. We have also elaborated on tiregees that do not
require decoding at the relay, where the innovative tear@scare combining sev-
eral operations at the relay: detection, quantization,pirepand recoding. In the
information—theoretic setting, rather than using solalydom codebooks, we have
shown that the structured codes, such as the lattices, cendneaat utility if the
does not decode but only denoises the received signalsdd2etie information—
theoretic discussion, we have provided insights into thegieof the two—way re-
laying schemes with practical modulation constellations.

The techniques for coded bidirectional relaying represeptime example of
the large freedom that a wireless network designer has iisidgvnovel commu-
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nication modes. This is in particular visible if we companerh with the protocol
designs that are aligned to the layered protocol struciihe. presented commu-
nication schemes somehow violate the layering, since:h@jrtermediate nodes
(network layer) do not decode the information before fodiry it further, and (b)
the adopted network—coding approach observes more thdtoangmultaneously,
while the layered architecture is single—flow—orientede Hpproaches for coded
bidirectional relaying leave largely open venues for fatwork: code designs, chan-
nel estimation, scheduling, retransmission protocots, k&t name one more general
topic - despite the apparent performance advantages inntipées3—node scenario,
it is not straightforward to see how the techniques withadatling at the relay can
scale to networks with may nodes.
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